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I Abstract 

' Let fc be a complete discretely valued field of equal characteristic p > 0. We introduce 

1—1, the differential refined conductors for a representation of the Galois group Gk with finite local 

' monodromy. we prove that the differential refined Swan conductors coincide with the ones 

, defined by Saito. Also, we study its relation with the toroidal variation of Swan conductors. 
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Introduction 



The ramification theory for a complete discretely valued field k with possibly imperfect residue field 
Kk is initiated by Kato |Kat89| . where he used the etale cohomology and some Milnor ii'-theory 
to study the ramification of a character of the Galois group Gk- Abbes and Saito |AS02t IAS03] 
extended Kato's work to the general case, by providing ramification filtrations FiPG^ and 
FilJJjgGfc satisfying certain properties. Later, Saito [ Sai09j defined refined Swan conductors for 
log-ramification filtrations as a homomorphism for a G Q>o, 

rsw : Hom(Filf„gGfc/Fii;^+Gfc,Fp) ^ ^\,^{\og) ^fc^'^fc, 

where Ok and vTfc are ring of integers and a uniformizer of k, and $7^ (log) is the logarithmic differ- 
ential. This provides some further information about the ramification groups. 

Along a different path, Christol, Dwork, Matsuda, Mebhkout, and their collaborates gave an 
interpretation of classical Swan conductors using p-adic differential modules. Kedlaya |Ked07j 
generalized this approach to the case when the residue field may be imperfect. The author [Xiallj 
verified that this definition coincides with Abbes and Saito's definition. An important consequence 
of this result is the Hasse-Arf theorem for the (log-)ramification filtrations [Xialll Theorem 4.4.1]. 

In this paper, we give an interpretation of the refined Swan conductors using p-adic differential 
modules, as well as introducing the nonlog counterpart. We now describe the basic idea of the 
definition. For simplicity, we assume that bas a finite p-basis 61, ... , b^- Let K be the fraction 
field of the Cohen ring of with respect to 61, ... , bm] let bi, . . . , bjYi denote the canonical lifts 
of the p-basis. Let A]^{rjQ, 1) be the annulus over K with radii in {tjq, 1) for some r/o € (0, 1) 
and with coordinate T. By standard theory of p-adic differential modules, a finite image p-adic 
representation of G^ can be converted in to a differential module £ over ^^(770, 1) for differential 
operators do = d/dT and di = d/dBi, . . . , dm = d/dBm, where Bi, . . . , B^ are lifts of 61, ... , bm- 
Let TT = — denote a Dwork pi and let K' = K{t7). When p has pure ramification break 6, 
i.e. when piYW'^'^Gk) is trivial, one expects the following picture: there exists a basis oi £ <^ K', on 
which the differential operators act as 

do = 7TT-'-'No, di=7vT-''Nu ... ,dm=7vT-'Nm, 

where No,...,Nm are matrices in O^/JT]]. Modulo (7r,T), these matrices commute. If we use 
{01J, ■ ■ ■ ,6d,j}j=o,...,m to denote the common eigenvalues of the reductions of Nj, viewed as ele- 
ments in , the refined Swan conductors of p is defined to be {irk''{0i,o^ + + • • • + 
6i,mdbm)}i=i,...,d C ^^^(log) (8" TT^^ . Of coursc, this might be too good to be true as a result 
over the annulus A^,{r]Q,l). In practise, we need the following two technical arguments to "read 
off' the refined Swan conductors. 

(a) The above picture can be better described over a field. Namely, we first define the refined 
radii, an analog of refined Swan conductors, for differential modules over a field, and then we 
study how refined radii vary over a one-dimensional space. (From this, we may not be able to 
conclude what dj looks like over the annulus, but we know what it looks like when tensored 
with the completion of K'(T) with respect to any r/-Gauss norm for rj € {rjo, 1).) 

(b) When the spectral norms of the differential operators are smaller than their operator norms 
over the base field, we may not be able to read off the refined radii directly. Instead, we 
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need to use Frobenius antecedents. (In practise, we start off defining refined radii using an 
equivalent way and sliow that it is well-behaved when taking Frobenius antecedents.) 



We remark that there is a non-logarithmic analog of the refined Swan conductors, which leads 
to refined Artin conductors. 

Part of the content of differential refined Swan conductors is already included in the author's 
thesis |X-Thesis . However, we feel it fits better the content of this paper. Also, we fill in some 



gaps in |X-Thesis] . 

To compare this differential refined Swan conductors with the ones defined by Saito, we essen- 
tially reduce to a computation of Dwork isocrystals, in which case, both refined Swan conductors 
can be computed explicitly. 

We also remark that when k is an n-dimensional higher local field of characteristic p, the refined 
conductors induce ramification filtrations on Gk indexed by with lexicographic order. This is 
compatible with a filtration on the Milnor iiT-groups via Kato's class field theory. 

At last, we study the relation of refined Swan conductors with the variation of intrinsic radii 
over a polyannulus. We prove that the valuation of the refined Swan conductors at a vertex 
of the polygon associated to the polyannulus encodes some information about the slopes of the 
log-affine function of the intrinsic radii at that vertex. For the precise statement, please consult 
Proposition 14.3. 131 



Plan of the paper 

Section 1 is devoted to develop the theory of differential refined radii, the analog of refined con- 
ductors over fields. In the first two subsections, we set up notation and recall some basic result 
of differential modules from |KX10J . We define the refined radii in Subsection 11.31 and prove the 
decomposition Theorem 11.3.261 In Subsection II. 4| we consider the case where we allow multiple 
derivations to interact. In Subsection II. 5^ we study how the refined radii vary on an annulus or a 
disc, when the radii is a log-affine function. Then we deduce the refined conductors for solvable 
differential modules over annulus in Subsection 11.61 

In Section 2, we apply the theory of refined conductors for solvable differential modules to define 
the refined conductors for Galois representations. The first two subsections recall the construction 
of differential modules following |Ked07| . and deduce some basic properties. In subsection 12.31 we 
define the homomorphism of refined conductors. We also insert Subsection 12.41 to briefly discuss 
the application to the higher local fields. 

In Section 3, we compare our definition to that of Saito. In Subsection 13.11 we review Saito's 
definition, to the level that we can proceed with the proof. In Subsection [321 we lift the Abbes-Saito 
spaces over k to spaces over K. In Subsection 13.31 we do a crucial calculation of Dwork isocrystals 
to determine their refined radii, which is the heart of the comparison theorem. We finally wrap up 
to prove the comparison Theorem 13.4.11 in Subsection 13.41 

In Section 4, we focus on the role of refined Swan conductors in the toroidal variation of Swan 
conductors. A few technical lemmas are discussed in Subsection 14.21 ^'^id the main theorems are 
proved in Subsection 14.31 



3 



Acknowledgments 

Many thanks are due to my advisor, Kiran Kedlaya, for generating some crucial ideas, for helpful 
discussions, and for spending hours reviewing early drafts. Thanks to Ivan Fesenko for suggesting 
the application to higher local fields. Thanks to Takeshi Saito for helpful discussions. Thanks to 
Ahmed Abbes for the invitation to the conference Journees de Geometrie Arithmetique de Rennes, 
from which the author benefits a lot. 

1 Theory of differential modules 

1.1 Setup 

Wc first set up some notation. 

Notation 1.1.1. By a multiset S, we mean a set where we allow elements to have multiplicity. 
For s € S, the multiplicity of s in 5 is denoted by multis(S'). When S consists of a single element 
(with multiplicity), we call it pure. 

Notation 1.1.2. For K a field, we fix an algebraic closure K^^^ and let K^^^ denote the separable 
closure inside K'^^^. Denote Gk = Gal{K^^P/K). For a finite Galois extension L/K (inside K^^^), 
we denote the Galois group by G^/x = Gal(L/i^). 

Notation 1.1.3. By a nonarchimedean field, wc mean a field K equipped with a nonarchimcdcan 
norm \ ■ \ = \ ■ \k ■ ^ M^. A subring of K (with the induced norm and topology) is called a 
nonarchimedean ring. 

For K a nonarchimedean field, denote the ring of integers and the maximal ideal by Ok = 

{x G K\\x\ < 1} and m^- = {x G i^||2;| < 1}, respectively; the residue field of K is denoted by 
kk = Ok/^k- Wc reserve the letter p for the characteristic of kk- If chax kk = p > and 
char A' = 0, we normalize the norm on K so that \p\ = 1/p. For an element a € Ok, we denote its 
reduction in kk by a. In case K is discretely valued, let ttk denote a uniformizer of Ok and let 
vk{-) be the corresponding valuation on AT, normalized so that vk{t^k) = 1- 
For a nonarchimedean field K and s G M, we set 

= {xeK\ \x\ < e-'}, mS^^+ = {x e K \ \x\ < e"^}, and kJ^^ = m^^^ /m^^^^ . 

If s G — logjAT^I, we have a non-canonical isomorphism kk — k^k ■ a & K with \a\ < e"^, we 
sometimes denote its image in by a^^\ In particular, = kk and a^^^ = a ii v{a) > 0. 

Notation 1.1.4. Let J be an index set. We write ej for a tuple {ej)j^j. For another tuple uj, 
write uy = Ylj^zjUj^ if all but finitely many ej = 0. We also use Ylej=o mean the sum over 
Cj G {0, 1, . . . ,n} for each j & J and ej ^ for only finitely many j; for notational simplicity, we 
may suppress the range of the summation when it is clear. If J is finite, write \ej\ = YljeJ l^il ^'^'^ 
(ej)! for \[j^j{e,)\. 

Convention 1.1.5. Throughout this paper, all derivations on topological modules will be assumed 
to be continuous; in particular, will denote the continuous diflFerentials on the topological ring 

R. Wc may suppress the base ring from the module of continuous differentials when it is Fp, Z 
or Zp. Moreover, all derivations on nonarchimedean rings will be assumed to be bounded (i.e., to 
have bounded operator norms). All connections considered will be assumed to be integrable. 
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Notation 1.1.6. For a matrix A = {Aij) with coefficients in a nonarchimedean ring, we use 1^41 to 
denote the supremum norm over entries. 

Hypothesis 1.1.7. For the rest of this subsection, we assume that i^' is a complete nonarchimedean 
field. 

Notation 1.1.8. Let I C [0, +oo) be an interval and let n G N. Let 

^^(/) = {(xi, . . . , Xn) G I |xi I G / for i = 1, . . . , n} 

denote the polyannulus of dimension n with radii in /. (We do not impose any rationality condition 
on the endpoints of /, so this space should be viewed as an analytic space in the sense of Berkovich 
|Berk90j .) If / is written explicitly in terms of its endpoints (e.g., [a, /?]), we suppress the parentheses 
around / (e.g., ^^[a,/3]). 

Notation 1.1.9. Let < a < /3 < +oo. We define 

K{a/t,t//3) = {Y^ ant"'\\an\r]"' as n ^ ±oo, for any r] e[a,/3]], 

K{a/t, t/ f3}} = { a„t"| lonlr?" — )• as n — )• ±00, for any G [a, /?)} , 

K{{a/t,t/ fSJo = { ant"! lonlr/" — )• and |a„|/3" is bounded, as n ^ ±00, for any rj G (a,/3)}. 

When a = 0, we simply use K{t//3) and K{{t/(3}} to denote the first two rings above, respectively. 
Also, we write 

00 

Klt/(3jo = { ^ani"||an|/3" is bounded as n 00}. 

n=0 

Put / = {1, . . . ,n}. For a nonarchimedean ring R, we use R{uj) to denote the Tate algebra, 
consisting of formal power series X]ejGZ>o ^ejU^/ with a^j G R and [ag^j ^ as |e/| ^ +00. For 
{'ni)iel ^ (0,+oo)", the r]j-Gauss norm on is the norm | • given by 



6/ 



VI 



max {\aej \ -r]"/} ; 



this norm extends uniquely to Frac(i?(t/)) , and (if \r]i\ < 1 for any « G /) to R{ti) . 

For T] G [a, (3] and 77 7^ 0, the ry-Gauss norm on K[t] extends to K{a/t,t/ f3), (if tj ^ f3) 
K{a/t,t/(3}}, (if r? / a) K{{a/t,t/ and Klt/(3}o. 

1.2 Differential modules and radii of convergence 

In this subsection, we review the theory of differential modules over a field, following [KXlOl 
Section 1]. We will focus on the case when the differential operators are of rational type. 

Definition 1.2.1. Let K he a ring equipped with a derivation d. Let K{T} denote the (noncom- 
mutative) ring of twisted polynomials over K [Ore33] : its elements are finite formal sums ^j>o o^iT^ 
with Ui G K, multiplied according to the rule Ta = aT + d{a) for a £ K. 
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A d- differential module over K \s a, finite projective if-module V equipped with an action of d 
(subject to tfie Leibniz rule); any 9-differential module over K inherits a left action of K{T} where 
T acts via d. The rank of V is the rank of ^ as a X-module. The module dual V'^ = Hom/^(y, K) 
of V may be viewed as a 9-differential module by setting {df){v) = d{f{v)) — /(9(v)). We say V 
is free if V as a module is free over K. 

For V a (9-difFerential module free of rank d over K, we say v G V is a cyclic vector if 
v,5v, . . . ,d'^~^v form a basis of V. A cyclic vector defines an isomorphism V ~ K{T}/ K{T}P 
of 5-difFerential modules for some twisted polynomial P S K{T} of degree d, where the 9-action 
on K{T}/K{T}P is the left multiplication by T. If X is a differential field of characteristic 0, V 
always has a cyclic vector (See, e.g., |DGS94[ Theorem III. 4. 2] or |KedlO[ Theorem 5.4.2].) 

For a 5-differential module V, we write Hq{V) = Ker5. 

Hypothesis 1.2.2. For the rest of this subsection, we assume that i^T is a complete nonarchimedean 
field of characteristic zero, equipped with a derivation d with operator norm \d\K < oo, and that 
y is a nonzero 5-differential module over K. 

Definition 1.2.3. Let p denote the residual characteristic of K; we conventionally write 

_ fl p = 

|p-i/(p-i) p > ■ 

The spectral norm of d on V is defined to be |5|sp,\/ = lim„_j.oo l^^ly" for any fixed K-compatible 
norm | ■ |y on V. Define the generic d-radius of V to be RaiY) = ^I^^I^V' t\^ai RdiV) > 0. 
Let Vi, . . . ,Vci he the Jordan-Holder constituents of V as K{T}-modules. We define the (extrinsic) 
subsidiary d-radii, to be the multiset 9\g(y) consisting of Rg{Vi) with multiplicity dimT^ for i = 
1, . . . ,d. Let RdiV; 1) < • • • < Rd{V; dim V) denote the elements of D\q{V) in increasing order. We 
say that V has pure d-radii if D\q{V) consists of dimV copies of Rq{V). 

Definition 1.2.4. Let i? be a complete ii'-algebra and let F be a 5-differential module over K. 
For V € y and x & R, define the d-Taylor series to be 

T(v;9;x) = y ^^x" G F^/^i?, (1.2.5) 
^-^ n! 

n=0 

in case this series converges. When V = K, (jl.2.5p gives a homomorphism K ^ R oi rings, if it 
converges. For general V , ()1.2.5p gives a homomorphism of i^-modules V V ®k R respecting 
the aforementioned ring homomorphism, if both homomorphisms converge. 

Lemma 1.2.6. Let V , Vi, V2 he nonzero d- differential modules over K. 

(a) For ^ ^ y ^ 1^2 ^ exact, we have ^d{V) = ^d{Vi) U 9^3(^2)- 

(b) We have IHa(F^) = "KaiV). 

(c) We have Rd{Vi ® V2) > mm{Rd{Vi), Ra{V2)} . If Vi is irreducible and Rd{Vi) < Rd{V2), 
then V\ (g) V2 has pure d-radii Rg{Vi). 

(d) Let f : K KIT/uJq be the homomorphism given by f{x) = T(x;5, T). Then f*V = 
V®kjKIT/u}q is adT = d/dT- differential module overKlT/u}o- Forr G (0,i?a(/C)), RoiV) > r 
if and only if f*{V) restricts to a trivial dx- differential module over A^[0,r). 
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Proof. As in [KedlOl Lemma 6.2.8], [KedlOi Corollary 6.2.9], and [KXlOl Proposition 1.2.14]. □ 



Definition 1.2.7. For P{T) = '^^aiT'^ € K[r] or K{T} a nonzero (twisted) polynomial, define 
the Newton polygon of P as the lower convex hull of the set {(— — log|ai|)} C M^. 

Proposition 1.2.8 (Christol-Dwork). Suppose that V ~ K{T} / K{T}P , and let s he the lesser of 
—\og\d\K and the least slope of the Newton polygon of P. Then, we have max{\d\fc, \d\spy} = e~^. 
In particular, the multiplicity of any s' < — logl^li^- as a slope of the Newton polygon of P coincides 
with the multiplicity of coe'^ in d\g{V). 

Proof See [KedlOl Theorem 6.5.3]. □ 

Definition 1.2.9. A derivation 9 on is of rational type if there exists u ^ K such that the 
following conditions hold. (In this case, we call u a rational parameter for d.) 

(a) We have d{u) = 1 and \d\K = 

(b) For each positive integer n, \d'^ /n\\K < 

In fact, if d is of rational type, we have equality in (b), and |i9|sp,_ft- = uj\d\K'-, see [KXlOl Defini- 
tion 1.4.1]. 

Lemma 1.2.10. Let d he a derivation on K of rational type with rational parameter u and let 
L/K he a finite tamely ramified extension. Then the unique extension of d to L is of rational type 
(with u again as a rational parameter). 

Proof See |KX10l Lemma 1.4.5]. □ 

Remark 1.2.11. We sometimes need to replace K by the completion of K{x) with respect to rj- 
Gauss norm for some rj € M>o, where x is transcendental over K and we set dx = 0. The derivation 
d is again of rational type on the new field. 

Definition 1.2.12. When d is of rational type, it is more convenient to consider differently nor- 
malized 9-radii, as follows. For V a (9-differential module, we define the intrinsic d-radii of V 
to be IRsiy) = \d\sp^K /\d\sp,v = \d\K ■ RdiY)- We define the intrinsic suhsidiary d-radii to be 
3d\d{V) = \d\K ■ 9^9(V'). We write IRd{V\i) = \d\K ■ Rd{V;i) for i = 1, . . . ,dimy. 

Hypothesis 1.2.13. From now on, we assume that is a complete nonarchimedean field of 
characteristic zero and residual characteristic p, equipped with a derivation d of rational type. We 
fix u £ K a rational parameter of d. We also assume p > unless otherwise specified. 

Construction 1.2.14. We construct the (9-Frobenius as follows. If K contains a primitive p-th 
root of unity (^p, we may define an action of the group Z/pZ on K using 9- Taylor series: 

x« = T(x; d; {Cp - l)u), {i G Z/pZ, x G K); 

in particular, n^*) = (^pU. This gives an isometric action of l^/plj on K. Let K^'^^ be the fixed 
subfield of K under this action; in particular, G K^^\ Hence, we have a Galois extension 
K/K^^'> generated by u with Galois group 'L/p'L. (If K does not contain a primitive p-th root of 
unity, we may still define K^^^ using Galois descent. Then, K/K^^'> will not be Galois.) 
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We call the inclusion (^(^)* : K^^^ ^ K the d-Frobenius morphism. We view Kid) 

as being 

equipped with the derivation d' = d/{pu'^~^); it is a derivation on K^^^ because a simple calculation 
shows that = for any x € K, yielding that d'{x) is invariant under the Z/pZ- 

action if a; G K^^\ By |KX10l Lemma 1.4.9], & is of rational type on K^^\ 

We sometimes use tpi^'"^^ : K^d,n) ^ denote the p"-th 9-Frobenius obtained by applying 
the above construction n times; if K contains a primitive p"-th root of unity Cpn, this is the same as 
the fixed field for the natural action of Z/p"Z on K given by x^*^ = T{x; d; (Qn — for i G 'Ljp^'L. 

Remark 1.2.15. We point out that the definitions of 9-Frobenius and K^^'^ depend on the choice 
of the rational parameter u. 

Lemma 1.2.16. The residue field (a) contains k^. 

Proof. We know that K is generated by u over K^^\ If \u\ ^ K(^) will have the same 

residue field as K does. If \u\ € let x G K^'^^ be an element such that |x| = |n|. Then kx 

is generated over k^(s) by u/x, whose p-th power lies in Kj^{a)- The statement follows. □ 

Definition 1.2.17. Given a ^'-differential module V over K^^\ the d-Frobenius pullback is 
ipi9)*Y' = y (g)^(g) K, viewed as a ^-differential module over K by setting 

d{V ®x) = puP'^d'{-v') X + v' (g) d{x) (v' £V',x £ K). 

For a 9-differential module V over K, define the d-Frobenius descendant of V as the K^^^- 
module </?l^^V^ obtained from V by restriction along ip'^^^* : i^(^) — > i^, viewed as a ^'-differential 
module over ET*^^) with differential d' = d/pvP^"^. 

Let y be a 5-differential module over K such that IRq{V) > p~^/iP^^\ A d-Frobenius an- 
tecedent of y is a ^'-differential module V over K^^^ such that V ~ (f^^^*V' and IRqi{V') > 
p-p/iv-^) ^ 

Lemma 1.2.18. The d-Frobenius pullbacks and descendants have the following properties. 

(a) For V a d' -differential module over K^^\ IRe{ip'^^>V') > mm{IR9>{V')^/P,pIRd>{V')}. 
Moreover, if IRq/{V') ^ p~p/iP~^) , the above inequality is in fact an equality. 

(b) For V a d-differential module over K , there is a canonical isomorphism 

(c) For i = 0, ... ,p — 1, let W^^'^ be the d' -differential module over K^^^ with one generator 
V, (a proxy of ,) such that d'(\r) = ^u^Pw; we have IRgi{wj^^^) = p^P/iP^^^ for i = 
1, . . . ,p — 1. Then for V a d-differential module over K , there are canonical isomorphisms 
H '■ {^f'V) ® Wj'"^'* ~ 'f^*'^V for i = 0, ... ,p — 1. Moreover, a submodule U of v^l^^F is 
itself the d-Frobenius descendant of a submodule of V if and only if ii{U M/'/^'') = U for 
i = 0,...,p-l. 

For Vi and V2 d-differential modules over K , we have 

v^f Vi V2 = (vpf (Vi ® ¥2)^". 

For V a & -differential module over K^^\ we have ipf^ip^^>V' c^V ® 0^=i V ® wf\ 
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(d) (Christol-Dwork) Let V he a d -differential module over K such that IRg{V) > p ^/^^ 
Then there exists a unique d-Frobenius antecedent V' ofV. Moreover, IRgi(y') = IRgiVY. 

(e) Let V be a d- differential module over K . Then 

'irR ( (^)m - I I / {r^, P'^^^^''^^ ip-^ times)] r > p-^/^V"^^ 
JJ\9,[ip, V)- IJ 1r-V(^,^g5)} ^< i/(p_i)_ 

In particular, IR9,{ipi^W) = mm{p-HRQ{V), p-P/b"!)}. 

Proof For (a), see [KXlOl Lemma 1.4.11] and |KX101 Corollary 1.4.20]. (b) and (c) are straight- 
forward. For (d), see [KedlOl Theorem 10.4.2]. For (e), see [KXlOl Theorem 1.4.19]. □ 

Remark 1.2.19. As in jKedlOj Theorem 10.4.4], one can form a version of Lemma 11.2.18( d) for 
differential modules over discs or annuli. 

For the following theorem, we do not assume p > 0. 

Theorem 1.2.20. Let V be a d- differential module over K. Then there exists a decomposition 

V= 

rG(0,l] 

where every suhquotient ofVr has pure intrinsic d-radii r. Moreover, Vr = if r ^ \K^\'^. 

Proof. For the decomposition, see |KX10|. Theorem 1.4.21]. The rationality on r follows from 
Proposition 11.2.8) when r < uj and from 5-Frobenius antecedent in the general case. □ 

Notation 1.2.21. We call ©rG(o,a;)^r the visible part of V and ©rG[aj,i]^ the non-visible part of 
V. If V consists of only visible part, we say V has visible (intrinsic) (9-radii; similarly, if V consists 
of only non-visible part, we say V has non-visible (intrinsic) 9-radii. 

Remark 1.2.22. Let ^ be a 0-differential module over K with pure intrinsic 5-radii IRq{V) > 
p-i/(p-i). By Lemma 11.2.18( d). V has a 5-Frobenius antecedent V . By Lemma 11.2. 18( c). 



i=l 



This decomposition coincides with the decomposition we obtained by applying Theorem 11.2.201 to 



1.3 Refined radii 

In this subsection, we study the refined 3-radii for a 5-differential module of pure 0-radii; this is a 
secondary information we can extract from the differential module. We will always assume that d 
is of rational type. There are some part of the theory that works for general differential operators 
and differential modules with visible radii; for these, one may consult |X-Thesis] . 
For this subsection, we do not assume p > unless otherwise specified. 
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Hypothesis 1.3.1. In this subsection, let K he a complete nonarchimedean field of characteristic 
zero and residual characteristic p, equipped with a derivation of rational type. We iix u G K a 
rational parameter of d. We assume that V is a (^-differential module of rank d over K of pure 
intrinsic 9-radii IRg{V) < 1. Denote s = —log{u)Rd{V)~^) = — log|(9|sp,v- 

Notation 1.3.2. For P{T) = T'^ + aiT'^^^ H ha^ G K[T] a polynomial whose Newton polygon 

is) 

has pure slope s, the reduced roots of P are the reductions of the roots in K^lig- If P is the 

characteristic polynomial of a matrix A € Mat(m^^), we call the reduced roots of P the reduced 
eigenvalues of A. 

Notation 1.3.3. We define A = XdiV) and r = rQ{V) as follows. 

(a) When V has pure visible intrinsic 3-radii IRq{V) < u, we let Xdi^) = and rg{V) = 1. 

(b) When V has pure non-visible 9-radii, we must have p > and IRg(V) G [p^^/^^^^^, 1). Let 
Xg{V) denote the unique positive integer such that IRq{V) € [p"^/^^^ ^ Hp-i)^p-i/p^s ^ ^~^^), 
and denote rg{V) = p^oiv) ^ 

Definition 1.3.4. A norm | • | on F is called good if it has an orthogonal (not necessarily orthonor- 
mal) basis and 

(a) when V has visible 0-radii, l^ly < ioRd{V)~^; 

(b) when V has non- visible 9-radii (and hence p > 0), we have 

< p-i/(P~i)i?a(F)-^ (1.3.5) 



< 



V 



\K 



, for i = 1, . . . 



One may summarize the conditions (a) and (b) by writing 

(c) \dyi\\y < max {lai^, \d\lpym} for i = 1, . . . ,r. 

Indeed, the maximum above equals to when i < r and to p^^^ ^^^^^ Rg{V)~'^ when i = r. 

We will see in Lemma [1.3.81 below that, for V as in Hypothesis 11.3.1] there exists an good norm 
on V. 

We now define the refined d-radii, denoted by Qg{V), as follows. Enlarge the value group of K 
in the sense of Remark 11.2.111 so that V admits an orthonormal basis. Let Nr be the matrix of d"^ 
on the chosen basis. U ai, . . . ,ad are the reduced eigenvalues of Nr, viewed as elements in K^*)g, 

we denoted 0a(F, | • |) = • • • C ^t^Lg- (Note that there is no ambiguity of taking r-th 

roots for elements in K^aig when p > 0.) We will see in Lemmas 11.3.111 and ll. 3. 12] that the refined 
9-radii is independent of the choices of the good norm and the orthonormal basis of V. After these 
lemmas, we will abbreviate @g{V) for QgiV, \ ■ |). 

We remark that Qg{V) does not depend on the choice of the rational parameter u. But it 
is sometimes convenient to use intrinsic refined d-radii IQg{V) = uQg{V) for a fixed rational 
parameter u G K. 



10 



Remark 1.3.6. In the definition of refined 5-radii, we first enlarged K to K', tlie completion of 
K{xi, . . . ,Xn) for some (r/i, . . . ,T/„)-Gauss norm. However, the refined (9-radii Oa(V^, | • |) is still 
a (multi)subset of K^Lg- Indeed, since the construction is canonical, for any 6 G 0g(y, | • |), 
g9 E 6a(y, | • |) for any automorphism g of K' fixing K. But Qd{V, | ■ |) is a finite set. So it 

(s) 

can consist only of elements in K^lig- Alternatively, we can work this out more carefully in the 
computation of reduced eigenvalues to cancel the new variables we introduced. 



Remark 1.3.7. For a good norm, one expects that the inequalities in (jl.3.5p are in fact equalities. 
Since we will not use this result later, we leave it as a question for interested readers. (See |KedlO[ 
Lemma 6.2.4] for a proof of similar flavor.) 

Lemma 1.3.8. For any V in Hypothesis \ 1.3.11 it has a good norm. 

Proof. We first assume that IRq{V) < oj. We take a cyclic vector v G 1/ and then the Newton 
polygon of the associated twisted polynomial P has slope > s. Then we can define a good norm 
on V by taking the orthogonal basis to be v, c?v, . . . , 9'^~^v with = e"*** for i = 0, . . . , (i — 1. 

For general V with IRd{V) € (w, 1) and j? > 0, we let n = A - 1 if IRd{V) = p-Vp^-Hp-i) 
and n = \ otherwise. In other words, n is the unique nonpositive integer such that IRq{V) G 
(p-i/p"-Hp-i),p-i/p"(p-i)]. Let (^(^'") : ^ be the p"-th ^-Frobenius and let d = 

d/{p'^uP"~^) be the corresponding derivation on K^^'"'\ By repeatedly applying Lemma ll.2.18r d). 
we obtain an n-fold 9-Frobenius antecedent W over it has intrinsic (9-radii IRg{W) = 



-p/{p-i) 



p In particular, W has a good norm by the argument above in the 



case IRq{V) < oj; we have 



\uP d\ 

^ \ud\ 



w 



w 



■.p-^/(P-^)lR^(W)-' G [l,p) 



< p " • p 



p 



■ 1 



p 



A-l 



when n = A, 
when n = A 



1. 



(1.3.9) 



This norm on W gives rise to a i^-norm | • jy on which we will show is good. By (|1.3.9p . we 
have \ud — i\v = \ud — i\w < |^| for z = 1, . . . — 1. Hence, we have, for i = 1, . . . 











ud{ud — 1) • • • [ud — {i — 1)) 




i\ 


V 


i\ 


w 


i\ 


w 



< 



ud 



p" 



-w 



P d 



w 



< 1 

= p-i/{p-i)//?-(p^)-i 



w 
if i 



l,...,p' 



p 



-i/(p-i)/i?-(y)-p iii=p>^ and n = A, 



p-pl{p-^)lR-{W)-^ = p-i 



ii i = p and n = A — 1. 



This verifies (|1.3.5|) . 



□ 



Remark 1.3.10. In the proof above, when IRg{V) = oj, Proposition 11.2.8) did give us a twisted 
polynomial with slope greater than or equal to — log|9|i^ and it provides a good norm on V. How- 
ever, one cannot compute the refined 5-radii by taking the reduced roots of this twisted polynomial. 

Lemma 1.3.11. Let | • | be a good norm on V . Then the refined d-radii QgiV, \ ■ |) are well-defined. 



Proof. By possibly enlarging K in the sense of Remark 11.2.111 we have two orthonormal bases e 
and e' for | • \v such that e' = eA for a transition matrix A G GhaiOx)- For i = 1, . . . , r, denote 
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Ni for the matrix of 9' acting on e; by (jl.3.5p . we have \Ni/il\ < for i = 1, . . . ,r — 1. Then, 
we have 



r! r! ^-^ il (r — iV. ~ \^-^ i\ (r — i)\ J 

If A^^MA denote the matrix of acting on e', we have 



Note that |A^i/i!| < \d\'^ and \&-\A)A-^ l(r - < jai^^^VP^^l < 1^1^"' imply tha t |M - 
Nr/r\\ < < u}Rq{V)~^ , which is smaUer than any singular value of Nr/r\. By [KedlOt 

Theorem 4.2.2], the reduced eigenvalues of N^/rl coincide with those of A~^MA. Therefore, Qq{V) 
does not depend on the choice of good norms | • | on y. □ 

Lemma 1.3.12. Let V be as above and let \ ■ |i and | ■ I2 be two good norms on V . Then, we have 
&d{V,\- \i) = @9{V,\- I2). 

Proof. By possibly enlarging K as in Remark 11.2.111 we may choose orthonormal bases e and f of 
I ■ |i and I ■ I2, respectively, so that eA = f with A = Diag{aii, . . . , add}- 

Let Ni for the matrix of 9* on e; by (jl.3.5p . we have \Ni/i\\ < 1 for i = 1, . . . , r — 1. Then, we 
have 

d'ii) ^ d-jeA) ^ ^ y(e) d-~'{A) ^ / ^ N^&^Z^^-A^ 

r! r! ^ il (r - iV. ~ il (r - i)l J 

1=0 ^ ^ j=0 ^ ^ 

It suffices to show that N^/rl has the same reduced eigenvalues as X][=o it ^ {r-i^\ ■ This is true 
by [Kedini Theorem 4.4.2] since 



Diag —, , • • • , —r Tr«, 



-1 



il {r-i)l" il """°V {r-i)l i^''"' {r-i)l '^'^ . 

for i = 0, . . . , r — 1. □ 

Corollary 1.3.13. Assume V has pure visible d-radii. For any cyclic vector v V, the reduced 
roots of the twisted polynomial associated to v are exactly the refined d-radii of V. In particular, 
they are nonzero in K^Lg- 

Proof. (To echo Remark 11.3.101 we emphasize that the case IRq{V) = a; is not included in the 
statement.) We can construct the good norm using the twisted polynomial as in Lemma 11.3.81 
This twisted polynomial is then exactly the characteristic polynomial of the matrix of d acting on 
this basis. The corollary follows. □ 

Lemma 1.3.14. Keep s, r, Rg{V), and A as before. Let V be another d- differential module of 
rank d, equipped with a basis e, on which the action of d satisfies the conditions in Definition \1.3.4\ 
Assume that the reduced eigenvalues of the matrix Nr € Mat(m^*^) of on V' are all nonzero 

in 'c^aig- Then V' has pure d-radii we*. ^45 a consequence, Qq{V') is exactly the set of reduced 
eigenvalues of N . 
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Proof. Since A^^ € Mat(m^*^), we have Rg{V') > Rq{V). Suppose that V is not of pure 9-radii 
Rgiy). Applying Theorem 11.2.201 and Lemma 11.3.81 to V and its factors, by possibly enlarging 
K as in Remark 11.2.111 there is a basis f on which, the conditions in Definition 11.3.41 are still 
fulfilled but the matrix Nr G Mat(m^''^) of is degenerate modulo m^^|^ (when identifying k^^^ 
with kk)- However, the same argument in Lemma 11.3.121 implies that Nr and must have same 
reduced eigenvalues. This leads to a contradiction. Hence, V is of pure 9-radii Rq(V). The last 
statement follows from Definition 11.3.41 □ 

Lemma 1.3.15. For any V in HypothesislMJi we have QoiV^) = -@d{V) = {-6 \ 9 G Qa{V)}. 
Proof. Straightforward. □ 

We would like to obtain a decomposition by refined 5-radii; this is established in Theo- 
rem [L3r26l But we need some preparation first. 

We start by discussing some basic properties of refined 5-radii when the 9-radii is visible. In 
fact, one may prove the following two lemmas directly without the visibility assumption. But we find 
it more elegant to use 5-Frobenius antecedents and descendants, as proved in Proposition 11.3.191 

Lemma 1.3.16. Let V and W he two d- differential modules over K of pure and visible d-radii 
^di^) = RdiW). The following two statements are equivalent. 

(a) The refined d-radii of V and W are distinct, i.e., @q{V) n Qq{W) = 0. 

(b) The tensor product V ^ W"^ has pure d-radii RgiV). 

Moreover, if either statement holds, we have Qd(y ^ W'^) = {Oi — 92\0i G Qs{V), 62 G Qd(W)} as 
multisets. As a corollary, we have 

(1) // Qdi^) l~l = 0) '^iT'lJ homomorphism f : W ^ V of d- differential modules is zero. 

(2) If @q{W) consists of only one element 9 G K^Lg (with multiplicity), then 9 G if and 
only ifV® VF^ is not of pure d-radii Rq{V). 

(3) If@diV) and OgiW) both consist of only one element 9 G K^Lg, then RgiV^W"^) > Ra{V). 

Proof. By Lemma 11.3.151 above. QgiW"^) = — ©^(VF). We may enlarge K as in Remark 11.2.111 
so that we have good norms on V and W'^ given by orthonormal bases. Consider V (8) with 
the norm given by the tensors of elements in the orthonormal bases of the two modules. Let 
Nq,Ni G Mat(m^)^ig) be the corresponding matrices of 9 on F and W"^ , respectively. Since A'o has 
reduced eigenvalues Qg{V) and A^i has reduced eigenvalues —@q(W), the matrix = No(^l-\-l(^Ni 
would have reduced eigenvalues the same as {^i — 92\9i G 0a(T^),^2 G Qq{W)}. 

If (a) holds, N has nonzero reduced eigenvalues and hence lA^"! = e"'^'' for all n G N with full 



rank when working modulo m.^^^}^ (and when identifying K^aii with K^aig). Therefore, V 0W 
has pure 5-radii Rd{V) by Lemma [1.3.141 

If (b) holds, the tensor product norm is a good norm on V W"^ already and the reduced 
eigenvalues of should give the refined 0-radii ofV0 VF^. By Corollarv ll.3.131 ^ 9a(l^ (E> W^). 
This implies (a). 

Now, we prove (1). Since V (g) W'^ has pure 5-radii RaiV) < uj, we have Hq{V ® W'^) = 0, 
which parameterizes all homomorphisms of ^-differential modules from 14^ to y. 



V 
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(2) is just (a special case of) the inverse statement of (a) 44> (6). 

(3) Now A^'o and A^i have pure reduced eigenvalues 9 and —9, respectively. Hence N = Nq ^ 
1 + 1 (8) A''i reduces to a matrix in k^^^^^ with zero eigenvalues (if we identify K^^^ig with K^aig ) . It 

is then nilpotent, i.e., iV" G Mat(m^fi|,^) for n > dimF -dimVF. This implies that Rq{V^W'^) > 
Rd{V). □ 

Lemma 1.3.17. Let V and W be two d- differential modules over K . Assume that V has pure and 
visible d -radii and Ra{V) < Rd{W). Then V (g) has pure d -radii Rd{V) and 9a VF^) is 
just Qq[V) with the multiplicity of each element multiplied by d\mW . 

Proof. By Theorem 1 1.2. 20 1 we may assume that W has pure 5-radii. By Lemma [1.3.8t we may find 
a good norm on W for which \ud\w < max{a;/i?a(Ty)-\ 1} < ujIRa{V)-^. 

We proceed as in Lemma [1.3.161 Now, if Nq,Ni G Mat(m^'*) denote the matrices of d on 
orthonormal bases of V and W'^ , respectively, then A''i G Mat(m^^^), and A^o has reduced eigen- 
values Qq{V). Hence A^'o (8> 1 + 1 (8> -/Vi has the same reduced eigenvalues as Nq but with multiplicity 
multiplied by dim H^. The lemma follows. □ 

Now, we study how refined 5-radii interact with pushing forward and pulling back along d- 
Probenius. It is more convenient to work with refined intrinsic 5-radii. For the following proposition, 
we assume p > for the moment. 

Proposition 1.3.18. Let ip^^^ : K^^^ K be the d-Frobenius (with respect to u). 

(a) If LRq{V) > p-V{p-i)^ 5y Lemma U~.2.18Y d). V = {p^^^*W for some & -differential module W 
on i^(^) such that IRd>{W) = IRaiVf. Then we have 

ea{V) = {-{p9'flP\9' eQ&iW)]. 

(b) // IRq(V) = p~^/^P~^\ ip^\v) has pure intrinsic d' -radii p~P/(P~^). Then the elements 

in I@Q'{ipi^\v)) can be grouped into p-tuples (|, ^i^, . . . , ^"'"^~^ ) (with some multiplicity) , 

where 9 G k^i^is, and IQg{V) is the multiset consisting of {9^ — 9)^/^ G ^x^ig for each p -tuple 
above. 

(c) IflRaiV) <p'^/^P~^\ thenZQa>{^f\) = {p-^9{p times)\9 e Z@ d{V)] . 

Proof, (a) We take a good norm on W constructed as in Lemma [1.3.8[ By possibly enlarging K in 
the sense of Remark 11.2.111 we can take an orthonormal basis e on W . Then, it naturally gives a 
good norm on V ^ since a good norm on V constructed in Lemma 11.3.81 would come from the same 
(multi-folded) 5-Frobenius antecedent. Let A and r be as in Notation 11.3.31 We have 

vP^d^^ = ud{ud -l)---{ud-p^ + l)= puPd'ipuPd' -!)■■■ {pu^d' -p^ + l) 
= pP'-\p'd'P'~' Y[ (puPd'-i); 

1=1, p\i 

it also acts on W. Since Iu^S'Ivk < ma,x{l, p~^''^P~^^ I Rqi{W)} < p, we can bound the norm 



l^p^gp" _pP'-'(^_iy..^_p+i)Y'-\p'd'p'\^ < \up"^dp" 
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Hence, the matrix of 9^ acting on e is congruent to the matrix of (—1)^ ^\p\)P d'^ 
modulo m]^ . Hence, we must have 

Qaiv, I • I) = {{{-i)^p-'\pi)e)'/y E QAW)} = { - {pef^y e Qa'iW)}. 

(b) When IRd{V) = p-i/(p-i), Lemma [Ollle) impHes that ip^fW has pure intrinsic (9'-radii 
p-p/{p-i)^ By Lemmas 11.2.18( e) and ll.3.T6| the elements in IQQi{ip^\v)) can be grouped into 
p-tuples (|, ^ii, . . . , ^^p^^ ) (with some multiplicity), where 9 € Kj^i^ig. By possibly enlarging K in 

the sense of Remark II. 2. 11^ we may assume that (fl V has a good norm with orthonormal basis. 
Let A'^ be the matrix of pu^d' with respect to this basis. Then on ip^^^* (pi^\v) = V®^, u^d^ acts as 

ud{ud -l)---{ud-p+l)= puPd'ipuPd' - 1) • • • {puPd' -p+1). 

It is congruence to N{N — 1) • • • (A^ — p+1) modulo pO^(d) since \pu'^d'\j^(a) = p^^. Hence, its re- 
duced eigenvalues is the multiset consisting oiO^—O with multiplep for each tuple (|, ^i^, . . . , ^^^^^) 
in the reduced eigenvalues of A^. The statement follows. 

(c) By Lemma ll.2.18r e). ipfW has pure intrinsic 5'-radii p ^IRq{V) < 

p-p/(p-i). Since 

u^d' = ud/p, we can take a good norm of (f^f^V and deduce IQgi{ip^f^V) = ^IQ g [tp^^^* ip^f^ V) , 
which in turn equals to iX0g(y®P) by Lemma 11.2. ISf b). The statement follows. □ 

Proposition 1.3.19. Lemmas \1.3.16\ and 1.3.17 hold without assuming that V orW to have visible 
d -radii. 

Proof. We are left with the case when p > and IRd{V) > p-V(p-i). if IRg{V) > p-i/(p-i)^ the 
statements follow from the statements about the 9-Frobenius antecedents by Proposition 11.3. IHT a). 
If IRq{V) = p~^/(P~^\ the statements follow from the statements about the (9-Frobenius descen- 
dants by Proposition II. 3. IST b) and Lemma 11.2.18( c). □ 

Now, we give an example of 9-differential modules with pure refined 9-radii. We will use Gothic 
letter s instead of s when dealing with its logarithmic variant and we will never use them together. 

Example 1.3.20. Let s G -log|ir^|'^ such that s < if p = and s < ^logp if p > 0. Let 
9 G «^^iig be a nonzero element. 

(a) If p = 0, then 5 G — log|(i^')^| and 9 G k^^, for some finite tamely ramified extension K'/K. 
Let X G m^'', be a lift of 9. Denote d = 1 and n = 0. 

(b) If p > 0, there exists n G N such that 9^" G (k^, with p'^~^5 G -log|(i^')^l ^or some 
finite tamely ramified extension K'/K. By Lemma [1.2.161 we may find a lift x G n~P"m^,(g^) of 
^-p"^p"^ where the extra m~^" reflects the different normalizations of refined intrinsic 9-radii 
and refined 5-radii. Denote d = p"". 

Let Cx,{n) denote be the (9-differential module over K' of rank d with basis {ei, . . . ,6^}, on 
which d acts as dei = Oj+i for i = 1, . . . , d — 1 and c^e^ = xei. 
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Remark 1.3.21. When p > 0, we observe that 5 < ^logp also includes non-visible range. The 
restriction s < |logp in Example 1 1 . 3 . 20 1 is linked with the choice x € ti~^"m^,(9). In order to extend 
s to (— oo, (-^ — pc(p_i) )logp) for some c € N, we need to be able find x € w^P"m^,(g^^) lifting 



u~P 6^ , for some n € N and a finite tamely ramified extension K' /K. However, as c gets larger, 
n might need to take accordingly a bigger value to guarantee the existence of such lift x. This is 
why we cannot essentially remove this restriction. 

Remark 1.3.22. In the non-visible case, one can construct a 9-differential module with pure 
refined 5-radii by simply pulling back a (^'-differential module over K^^^ with appropriate refined 
9'-radii. However, the form of the differential module depends very much on how many Frobenius 
antecedent we take in the construction. Later when we study the one-dimensional variation of 
refined 9-radii, we essentially need Example 11.5.71 the family version of Example 11.3.201 which has 
similar form in both visible and non-visible cases. 



Lemma 1.3.23. Keep the notation as in Example \ 1.3. 201 Then Cx^^n) pure intrinsic d-radii 
IRg{Cx^(n)) = "^e^ '^''T'd pure refined intrinsic d-radii 9. 

Proof. We replace K by the completion of K(^z) with respect to the |u|~^e~^-Gauss norm (and set 
dz = 0). 

First, we assume that either p = or p > and s G (0, ^j^logp), i.e. we consider the visible d- 

radii case. We note that ei, z~^e2) ■ ■ ■ , z~^'^~^^ed gives a good norm on Cx^(n)] it is a straightforward 
computation to check that the refined 9-radii is as stated. 

Then, we tackle the case when p > and s G [z^logp, ^logp). For i = 1, . . . ,p, we have 



d'ei = ei+i, i + l<p^, 
= d'-\xei), i>l. 



We will show that {ei,z ^e2,...,z ^^ep^} gives rise to a good norm on C^^^n)- Indeed, for 
i = 1, . . . ,p, the matrix for (9* with respect to this basis is 

/ 








z~p"+^dx 
\z-P"+'d'-^ 











X 



X u 



l)z~P"+'d'~h 



Note that 



i-i!,,|p-i|;)'i 



Hence, modulo mt'°^l"l)+, 
a 2-by-2 block matrix 

-^(-logl^l) ^ 



■ z' 





... 0\ 


■ 


z' 


... 


• 





••• z' 


• 





... 


• 





... 


• 





... 0/ 


< uj\z\ 


< 


z\. 


3 and z 




+'x's in (U 



;i.3.24) 



z' ■ I,^ 



^-p"+»^.j.^. ' ) G Matpnxp^l'^x )■ 
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Note that \z ^ = By Lemma ll.3.14| /i?g(>C^ = uje^ and this basis gives a good norm 

on V. Now, the reduced eigenvalues of Np are exactly x^/^" ^ for p"-times. This implies that 
IQq{V) = {9 (p" times)} by the choice of x in Example 11.3.201 □ 

Lemma 1.3.25. Let V be a d- differential module over K of pure visible d-radii Rq{V) = ue^ . 

(i) Then, for any subquotient Vq ofV, its refined d-radii cannot have any element not contained 
in <da{y)- 

(ii) For any 9 € /^^Lg; there is a unique maximal d- differential submodule ofV which has pure 
refined d-radii 9. 

Proof. For 9 S K^Lg such that 9 ^ Qq{V). Let Cx^[n) denote the 5-differential module constructed 
in Example 11.3.201 By Lemmas II .3.231 and 11.3. 16] we have is pure of 5-radii RgiV), and 

hence so is Vq ^ By the same lemmas again, we have 9 ^ Qg{Vo). (i) is proved. We remark 

that we, however, did not prove the inclusion 0a(Vo) Q Qgiy) as a multiset, which will become 
clear by Theorem 11.3.261 below. 

Note that if two submodules Vi and V2 of V both have pure refined 9-radii 9, so is their sum 
Vi + V2 as it is a quotient of Vi (SV2. (ii) follows. □ 

Using /^^.^(n), we can obtain a decomposition by refined 9-radii as follows. 

Theorem 1.3.26. Let K and V be as in Hypothesis \1.3.1[ Then V admits a canonical decompo- 
sition by refined d-radii as follows. 

V= (1.3.27) 

(s) 

where the direct sum runs through all Galois conjugacy classes in Hj^iig and the refined d-radii of 
y{g} are exactly the Galois conjugacy class {9} with same multiplicity on each element. 

After making a finite tamely ramified extension K' of K , one can obtain the canonical decom- 
position ()1.3.27p without taking the conjugacy classes. In particular, Qg{V) C U„, (k]^, ) 

Proof. We may replace -fC by a finite tamely ramified extension K so that Qq(V) C U„(«;]^ j 
(By Lemma ll.2.10| d is still a derivation of rational type.) 

We first assume that p = 0, or p > and IRg{V) < p~^/(P~^\ For each 9 G @q{V), we construct 
£^ („) as in Example ll.3.20l which is a rank d 5-differential module of pure 9-radii Rq{V) and pure 
refined radii 9. By Lemma Il.3.16l f2l. V (S) ^^{n) °^ pure radii RgiV). By Theorem 11.2.20^ 

we get a decomposition V (gi -C^^^^ = Wq © Wi, where Rq{Wo) > Rd{V) and Wi is of pure 9-radii 

Denote Wq = Wq (8" („) and Wi = W\ ® l^x,{n)- Now consider the following homomorphisms 
of 9-differential modules 



where i is induced by the diagonal embedding K ^ Ci , -.iSiC^ i^) ^"^^ J is induced by the trace map 




(n) ® ^x,{n) ~^ K such that ji = id. Let po and pi be the projections from V ^x,{n) 
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to the factors Wq and Wi, respectively, viewed as submodules of the source. Hence pg = po, 
p1 = Pi, and Po+ pi = 1. We claim that jpQi and jpii are projections on V which give the desired 
decomposition. 

By LemmaimSIS), Rd{J^l^n) ® ^^,{n)) > MV)- By LemmaHXIZl V J^l^^^ („) and 
hence Wq and Wi have pure 9-radii Rg{V). Also, by Lemma [1.3.171 @d(Wo) consists of solely 9, 
and by the "moreover" part of Lemma 11.3. 16t 

eo{Wi) = {01 + 9 (with multiplicity d) \ 9i e ed{Wi)}. 

In particular, 9 ^ Qg{Wi). Hence any homomorphism of 9-differential modules between Wq and 
Wi has to be zero by Lemma 11.3. 16( 1). In particular, piijpo = Poijpi = 0. Thus, we have 

{jPo'i)ijPoi) = J>ou(l - Pi)i = jPoi{ji) - jiPoijPi)i = jPoi 
{jPii){3Pii) = J>iU(l - Po)i = jPii{ji) - j{PiijPo)i = jPii 
jpoi + jpii = j{po + pi)i = ji = 1. 

This proves that V = jpoi{V) (B jpii{V). Moreover, by Lemma [1.3.25( 1). &d{jpoi{V)) consists of 
only 9 since it is a quotient of Wq, and Qd{jpii{V)) does not contain 9 since it is a quotient of Wi. 
Applying this process to each of 6* G @g{V) gives the desired decomposition (jl.3.27p . 

By Lemma ll.3.25f ii). the decomposition (over K') is canonical. We can easily get the decom- 
position over K as stated in the theorem using Galois descent. 

Now if p > and IRdiV) = p-i/(p-i)^ the decomposition (|1.3.27p comes from the decomposi- 
tion of its 9-Frobenius descendent, via the relation described in Prop osition 1 1 . 3 . TE\ 2 ) . If p > and 
IRd{V) > p-V(p-i)^ the decomposition (I1.3.27D comes from the decomposition of its 9-Frobenius 
antecedent, via the relation described in Proposition II. 3. IST b). □ 

For completeness, we include the basic properties for tensor products of (9-differential modules 
of pure 9-radii and pure refined 9-radii. One can combine this with Theorems 11.2.201 and 11.3.261 to 
obtain corresponding results for general 5-differential modules. 

Proposition 1.3.28. Let V and W be two d- differential modules over K of pure d-radii Rgiy) = 
RgiW) and pure refined d-radii 9v and 0w, respectively. Then, we have 

(a) W'^ has pure refine d-radii —Ow- 

(b) Ifev = 9w,Ra{V(^W^)>R3{y). 

(c) If Oy 7^ 9\Y, then V iS) has pure d-radii Rq{V) and pure refined d-radii 9v — 9w- 

(d) Moreover, if we do not assume that V and W has pure refined d-radii and let U denote the 
maximal submodule ofVi^ W"^ that has d-radii strictly larger than Rq(V), then we have 

dimf/= multi9(ea(y)) •multi0(Ga(W^)). 

Proof (a) is straightforward, and (d) follows from (b) and (c) by the decomposition (|1.3.27p . 
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When IRq{V) = IRq{W) < uj, (b) follows from Lemma I1.3.16l f3) and (c) follows from 
Lemma Om Also, when p > and IRa{V) = IRa{W) > p-i/(p-i)^ (b) and (c) for V and 
W follow from the same statement for the 5-Frobenius antecedents of V and W, via the relation 
described in Proposition ll.S.lST a). It suffices to prove (b) and (c) in the case when p > and 
IRq{V) = IRaiW) = 

Now, by Lemma [OUtS), we have v?fV O (93^%)^ = {ipi^\v ® PF^))®^. By Proposi- 
tion [T3IlH2), we know that the refined intrinsic 9-radii of V (resp. W) are exactly the solutions 
to (f )^ ~ f = (resp. - I = uGw), with same multiplicity. If Oy Ow, by (c) in the 

visible case together with Theorem 11.3.261 the refined intrinsic 5'-radii of (pi V ^ (pi, W consists 
of roots of ~ ^ = u{9v — 6w)i each with multiplicity pdiml/dimVF. (c) follows from Proposi- 

tion ll.3.18r b). If By = Ow, by (b) in the visible case together with TheoremUXM c/jf Vo^jfV 
has a sub module of dimension (p — l)dimydimiy whose intrinsic 9'-radii is strictly larger than 
p-p/(p-i). By Lemma [L2.18f e). this can happen only if IRg{V(E)W) > (b) is proved. □ 

1.4 Multiple derivations 

In this subsection, we introduce differential fields of higher order. 

Notation 1.4.1. In this subsection, set J = {1, . . . ,m} for notational convenience. 

Definition 1.4.2. Let K denote a differential ring of order m, that is a ring equipped with m 
commuting derivations di, . . . , dm- A dj -differential module, or simply a differential module, is a 
finite projective X-module V equipped with commuting actions of di,. . . ,dm- We may apply the 
results above by singling out one of di, . . . ,dm- 

Definition 1.4.3. Let K and V be as above. Let -R be a complete i^-algebra. For v G ^ and 
Ti, . . . , Tm G R, define the dj -Taylor series to be 

T{w;dr,Ti,...,Tm) = V -j^ry (^V®kR, 

if it converges. 

We will need the following tautological lemma later. 

Lemma 1.4.4. Let d = aidi + ■ ■ ■ + Oimdm be another derivation for some ai, . . . , am ^ K . To 

simplify notation, we formally write aj = d{uj) for any j £ J (and one can check that the formula 
can be written with no reference to uj). Then, for any x £ V , we have 

T(^x;dj;T{ui;d;6) - ui, . . . ,T{um;d;6) - Um^ =T{x;d;5), (1.4.5) 

as formal power series in V ®k K\S\. 

Proof. Note that (jl.4.5p is a tautological statement, we may assume that K is Z-torsion free. It 
suffices to show that (|1.4.5|) is true modulo 5" for any 9j-differential module V and any x £V ,hy 
induction on n. It is clear for n = 1. Assume that we have proved this claim for n and we need to 
prove it for n + 1. It suffices to prove 

d f \ d 

—Tyx;dj;T{ui;d;5) - ui,... ,T{um\d;5) - Umj = -^T{x;d;d) = T{d{x);d;6), 
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modulo S^. (Note that the derivation brings the coefficients of 5" to the coefficients of 5" ^.) We 
calculate the left hand side, as follows. 

d ( 



= E ( ^ ■ ^' '^^ - "i)'' • • • Ci'(«i; ^; - • • • ^; '5) - ^-)"" • 

By induction hypothesis, modulo (5", this is congruence to 

ET(a,(x);a;5) •^T(n,;a;5) = ET(5j(x);a;5) • T(a(7x,); 9; <5) 
=T{Y,djix)diu,)-d;6) =T{dixy,d;6). 

This proves the claim and hence the lemma. □ 

Definition 1.4.6. Let -fC be a complete nonarchimedean differential field of order m and charac- 
teristic zero, and let ^ be a nonzero 9j-differential module over K. Define the intrinsic radius of 
V to be 

IR{V) = min{/i?a(y)} = mm{\djUp,K/\dj\sp,v} ■ 

For j E J, we say dj is dominant for V if IRq^{V) = IR{V). We define the intrinsic subsidiary 
radii 3y{{V) = {IR{V; 1), . . . , IR{V; dim V)} by collecting and ordering intrinsic radii from Jordan- 
Holder constituents, as in Definition 11.2.31 We again say that V has pure intrinsic radii if the 
elements of 3D\(y) are all equal to IRiV). 

Similarly, we define the extrinsic radius ERiV) to be the minimum of RQ.iy) and extrinsic 
subsidiary radii = {ERiV; 1), . . . , ER{V] dim V)} by collecting and ordering extrinsic radii 

from Jordan-Holder constituents. 

Definition 1.4.7. Let -fC be a complete nonarchimedean differential field of order m and charac- 
teristic zero. We say that K is of rational type with respect to a set of parameters {uj : j G J} if 
each dj is of rational type with respect to Uj, and di{uj) = for i 7^ j in J. 

Hypothesis 1.4.8. Let be a complete nonarchimedean field of characteristic zero, equipped 
with derivations dj of rational type with respect to parameters uj. Let F be a cJj-differential 
module of pure 5j-radii for each j G J. We assume moreover that IR{V) < 1. 

Notation 1.4.9. For each j, denote Sj = —log{ujRQ^{V)~^), Xj = Xd^iV), and rj = rQ.{V). (By 
Theorem 11.2.201 we have Sj € Q ■ logj-fC^ | for any j.) 
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Definition 1.4.10. By Theorem 11.3.261 we may replace K hy a finite tamely ramified extension 
such that V admits a direct sum decomposition V = ©Vg^, where each direct summand Vqj has 
pure refined (?j-radii 6j for any j € J. Define the refined radii of V, denoted by Q{V), to be 

= Yljej ^jduj with multiplicity dimVg^; it is an element in (Bj^jK^^^^i^duj. The reason that we 
write the refined radii in form of differentials will be justified later, in Theorem 11.4.191 
We will also consider cases where the derivations with large radii are ignored. 

(a) Let IQ(y) be the multiset consisting of elements Yl^j^'^j with multiplicity dimVg^, where 
the sum is only taken over those j such that IRdj (^) = IRiy)- We call it the refined intrinsic 
radii. Often, we view it as an element in ©jeJ'^'^ligiT^ 

for s = -\og{ioIR(y)-^). 

(b) Let £Q{y) be the multiset consisting of elements ^Ojduj with multiplicity dimV^j, where 
the sum is only taken over those j such that RQ.iV) = RiV)- We call it the refined extrinsic 
radii. 

Definition 1.4.11. Let V be as above. A norm | • |v on y is good if it is good for each dj. 

Remark 1.4.12. Li contrast to the single derivation case, we do not know if a good norm exists in 
general, unless we assume that K is discretely valued. This assumption on the discreteness of the 
valuation may not be necessary for some of the results in this subsection. One might get around 
this using some approximation process. Since we will deal with discretely valued field in most 
applications, we restrict ourself here to this case to simplify some argument. 

Hypothesis 1.4.13. For the rest of this subsection, we assume that K is discretely valued. 

Lemma \A.\A. The differential module V admits a good norm. 

Proof. By the same argument as in Lemma 11.3.81 using Frobenius antecedent, it suffices to prove 
the lemma under the assumption that IRgfV) < for any j G J. Note that the (9j-Frobenius 
antecedent is compatible with dji for j' ^ j. We may further replace K by the completion of 
K{xj) with respect to the e~*-^-Gauss norm, where we set dj{xji) = for all j, j' E J and Sj = 
—\og{u)RQ^{V)~^). (In particular, K is still discretely valued since € [ET^p for any j E J by 
Theorem 11.2.201 ) It suffices to show that given any norm \ ■ \v with orthonormal basis ei, . . . ,erf, 
the submodule M of ^ generated by 

{^xy dy ei\aj G Z>o for any j £ J and i G {1, . . . , d}} 

over Ok is a finite 0;^-module; if so, M gives rise to a norm on V, under which \dj \ < \xj \ = e~*^ 
verifies the condition of good norm in Definition 1 1.3. 41 To prove that M is a finite sub-Oi^-module, 
it suffices to prove that is bounded for each j as n — >■ +oo. (Here, we used the fact that 

K is discretely valued, otherwise, boundness may not imply finiteness.) It is enough to verify this 
boundness condition for any norm on V. In particular, for each of dj, we can choose a good norm 
by Lemma ll.3.81 for which < 1. Thus, M is finite over Ok and the lemma follows. □ 

Remark 1.4.15. One may hope to find an analog of Example 11.3.201 for 9j-differential modules. 
This, however, amounts to carefully choosing the element x in Example 11.3.201 so that the actions 
of dj commutes. This places some restriction on possible refined intrinsic radii. In other words, all 
possible refined intrinsic radii may form only a subset of (BjejK^^\ig^, where s = — log(a;/i?(y)~^). 
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Unfortunately, we do not know how to identify this subset in general. Proposition 11.4.161 below 
partly answers this question. 

It would be interesting to know, when p > 0, if any element in ©jeJ^^ligiT:^ can appear as 
a refined intrinsic radii. The referee also pointed out that the reduction of dj may give rise to a 
2?-module in characteristic p. We do not know if this construction is independent of the choice of 
good norms. But we suspect that this is related to the reduction of arithmetic i^-modules when 
the differential module comes from an arithmetic ^-module. 

Proposition 1.4.16. Assume that IR(V) < co and let s = —log{ujIR(V)~^). Assume moreover 
that p = or d = rankl/ = 1. Note that the action of ujdj on K induces a derivation on K^unr. // 
■!? = J2jeJ ^ then for i,j € J, we have UidiOj = UjdjOi in K^unr- 

Proof. By possibly replacing K hy a finite tamely ramified extension, we reduce to the case when 
V is irreducible and has pure refined intrinsic radii yZie: j — ^- By Proposition 11.4. HI we can find 

a good norm | • \v, for which Ujdj acts as a matrix Nj G Matdxdi^^x }■ Since di and dj commute 
with each other for any z, j G J, we have 

NiNj + Ui^^{NJ) = NjN, + Ujdj{Ni). (1.4.17) 

Taking the trace of ()1.4.17p . we have d ■ UidiOj = d ■ ujdjOi. Note that the condition on d yields 
that they are elements in K^unr. The proposition follows. □ 

Before proceeding, we need some notation to use in the theorem later. 

Notation 1.4.18. For n G N, write it in the form of n = oq + pai + • • • + p^ak with oi, . . . , G 
{0, ... p — 1}, if p > 0. Denote ap{n) = ao + • • • + if p > 0, and if p = 0. It is straightforward 
to check that (Tp(ni) + Op{n2) > Cp(ni + 71,2) for rii, n2 G N, and = a;""'^*'^") for n G N. 

Now, we study how refined radii behave if we form a new derivation using the linear combination 
of dj. This explains why we wrote refined radii in form of differentials in Definition 11.4.101 

Theorem 1.4.19. Assume that V has pure refined dj-radii 6j G «^^lig for any j G J. Let K' 

be a complete discretely valued nonarchimedean field containing K. Let d is a derivation on K' , 
extending the action of aidi + ■■■ + amdm on K to K' , where ai, ... ,am K' . In fact, aj = d{uj) 
for any j G J. We assume that d is a derivation of rational type on K' . Let s = minjgj{sj— log|aj|} 

and let Jq be a subset of J consisting of j for which s = sj — log|aj|. Let 9 = J2je.Jo '^j^j ^ ^j^Lg- 
Then Rq(V ®k LC') < ue^ , and the equality is achieved if and only if 9 ^ in Moreover, 
when either statement is verified, V (^k K' has pure d-radii uje^ and pure refined d-radii 9. 

Proof. For j G J, Uj = d{uj) follows from applying d to Uj. 

By Proposition 11.4.141 and by possibly enlarging K and K', we may assume that V admits a 
good norm with respect to dj, given by some orthonormal basis e. Similarly to Notation 11.3.31 we 
define integers r and A as follows. 

(a) When \d\K'OJe^ < uj we denote A = and r = 1. 

(b) When \d\K'OJe^ G [co, 1) and p > 0, let A denote the unique nonnegative integer such that 
\d\K'i^e' G [p-i/p^-Hp-i)^p-i/p^(p-i))^ and denote r = p^. 
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We remark that in case (b), we have (|5|i<:'we^)P'° < to for k < \ and hence (|c?|x'we*)* < a;°'p(*) for 
i = 1, . . . ,r — 1. 

For each j G J, we have 



< \dj\)^, for i = 1, . . . ,rj - 1, and \dj^ \v < \uj\ ''^e "^^^^ . 



For i = 1, . . . , r, the action of 9* on e can be expressed in terms of the action of dj by the coefficients 
of 5* on the left hand side of (11.4.5p . apphed to some x G e. More precisely, for any j & J and 
i & N, the coefficients of 5* in T{uj; d; 5) — Uj has norm < \d{uj)\\dfj^^ = \aj\\dfj^^. For the term 
coming from the 9j-Taylor series, if we write Cj = Cj + djrj with Cj G {0, . . . ,rj — 1} and dj G Z>o 
for any j & J, then we have 



(ej)! V f^\\idjrjy.\v }-\\ {cj) 



Putting all of these together, we see that if a (5*-term on the left hand side of (|1.4.5p comes from 
g'^J (x) 

the term that has / ^ (which particularly implies that i > ei + ■ ■ ■ + em), then its norm is smaller 
than or equal to 

jGJ jeJ jGJ 

< \x\\d\'j^r--'- n \^\k' ■ n (e-'^^^^-^a;-'^^-^^-+'^''('^^-^^-)) (note \d\K' > \d{u,)\\u,\-' = \aM\ 

When i = l,...,r — 1, the coefficient of this 5*-term has norm < |x| by the remark after 
condition (b). When i = r, the term will have norm < ((|9|x'we*)~^a;) |x| = u)~^~^^e~'^^\x\; 
this can happen only when djrj = r and Cp(^j djrj) = ap{djrj), which together yield Cj = r 
for some j G Jo and eji = for j' ^ j. In the latter case, the corresponding term is aj9J(x)/r!. 
Hence, modulo the elements with norm smaller than e"''^, the matrix of d^' on e is congruence to 
J2je,Jo "^j^j ' ^^^^ ^® ^ matrices with single eigenvalues a'jOj for j G Jo- By Lemma [1.3.14^ 

Rdi^) ^ '^6'^ and the equality holds if and only if YljeJo '^^j^j / '^^x'lig^ which is equivalent to 
J2jeJo '^i^j 7^ in K^Lig! iiote that r is always 1 or a power oi p. Moreover, if either condition is 
satisfied, V has pure refined 9-radii 



□ 



Corollary 1.4.20. Let V be a d- differential module over K and let f = T(-; d,T) : K ^ KlT/ujo 
and f*V be as in Lemma \1.2.6]f d). Forr] G [0, \u\), let denote the completion ofK[T) with respect 
to the rj- Gauss norm. 
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(a) If 7] G {0,Rq{V)], f*V ®Fr, has pure intrinsic dr-radius 1; if rj G {RoiV), \u\), f*V®Fri has 
(extrinsic) St -radius Rg{V). 

(b) When rj G {Ro{V), \u\), we have QdrirV ^ Fv) = @d{V). 

Proof. For any x G V, f*{d{x)) = (a) follows from this immediately, and (b) follows by 

Theorem dXTHl □ 

1.5 One-dimensional variation of refined radii 

In this subsection, we first review some results from [KedlOl Chapter 11] and [KXlOl Section 2] 
regarding the variation of radii of convergence on discs and annuli. When the radii vary as log-affine 
functions, we will characterize the variation of the corresponding refined radii. 

Hypothesis 1.5.1. Throughout this section, we assume that is a complete nonarchimedean 
field of characteristic zero and residual characteristic p. We also assume that K is equipped with 
derivations di, . . . , dm of rational type with respect to ui, . . . , u^- 

Notation 1.5.2. Denote J = {1, . . . ,m} and = J U {0}. For r] > 0, let -F^ be the completion 
of K{t) under the r^-Gauss norm | • |^. Put Oq = ^ on K[t]; it extends to and ring of functions 
on discs or annuli. The field F^ is of rational type for the derivations dj+. 

Notation 1.5.3. Fix j G J"*" and an interval / C [0, oo). We say that I is an open interval in [0, oo) 
if it is of the form [0, /?) or (a, /3), where < a < (3. Let / denote I\{0}. Let M be a 5j-differential 
module of rank d over A^{I). For r G —log / and i G {1, . . . ,d}, define 

fi'^ (M, r) = -logRg^ (M F,-. ; i) , i^^^'^ ( Af, r) = /^^ (M, r) + • • • + f^ (M, r) . 

Theorem 1.5.4. Fix j G and an interval I C [0, +00). Let M be a dj -differential module of 
rank d over A]^ (/) . 

(a) (Linearity) Fori = l,...,d, the functions f^^\M,r) and F^^\M,r) are continuous. They 

are piecewise affine on the locus where f-''\M,r) > — log|uj| if j G J; they are piecewise 
affine on whole —log / if j = 0. 

(b) (Weak integrality) 

(i) Suppose p = or j = 0. If i = d or f^i\{M,ro) < f^^\M,ro), the slopes of Fp\M,r) 
in some neighborhood of r = r^ belong to Z. Consequently, the slopes of each f-''\M,r) 
and f'>^\m, r) belong to \ZU---^Z. 

(ii) Suppose p> and j G J. If f^^\M,rQ) > -^^jj^logp — logjujl for some n G Z>o, then 
the slopes of Fj;^\M,r) in some neighborhood of rQ belong to -^"Z- 

(c) (Monotonicity) Assume G /. Suppose either j G J, or j = and ff\M,ro) > tq. Then 
the slopes of F^^\M,rQ) are nonpositive in a neighborhood of r^. 

(d) ( Convexity) For i = 1, . . . ,d, the function F^^\m, r) is convex. 
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(e) (Decomposition) Assume that I is an open interval in [0, +00). Suppose that for some i G 

{1, . . . , d}, F^^^\m, r) is affine and f\^\M, r) > /i:^i(M, r) for r G -log/. Then M admits a 
unique direct sum decomposition separating the first i subsidiary dj -radii of M ® F^^ for any 
rj £ i. 

Proof. See [KXIO^ Theorems 2.2.5, 2.2.6, and 2.3.5]; for simple presentation, we slightly weakened 
some of the statements. □ 

Notation 1.5.5. Let / C [0, +00) be an interval and let M be a 9j+ -differential module of rank d 
on A^{I). For r G —log / and i £ {1, . . . , d}, denote 

fi{M,r) = -log//? (M ® Fe^,. ; , Fi{M,r) = fi{M,r) + ■ ■ ■ + fi{M,r). 
When / C [0, 1) and \uj\ = 1 for all j G J, we write 

fi{M, r) = -\ogER{M ® F,^r-i), Fi{M, r) = /i(M, r) + • • • + /,(M, r). 
Theorem 1.5.6. Fix an interval I C [0, +00). Let M be a dj+ -differential module of rank d on 

(a) (Linearity) For i = 1, . . . ,d, the functions fi{M, r) and Fi{M, r) are continuous and piecewise 
affine. 

(b) (Integrality) If i = d or fi{M,ro) > /i+i(M, ro), then the slopes of Fi{M,r) in some neigh- 
borhood of rQ belong to 7L. Consequently, the slopes of each fi{M,r) and Fi{M,r) belong to 

izu • • • u iz. 

(c) (Monotonicity) Suppose that G /. Then the slopes of Fi{M,r) are nonpositive, and each 
Fi{M,r) is constant for r sufficiently large. 

(d) ( Convexity) For i = 1, . . . ,d, the function Fi{M, r) is convex. 

(e) (Decomposition) Assume that I is an open interval in [0,-|-cx3). Suppose for some i G 
{l,...,d — 1}, the function Fi{M,r) is affine and fi{M,r) > /j_|_i(M, r) for r G —log/. 
Then M admits a unique direct sum decomposition separating the first i subsidiary extrinsic 
radii of M ® F^ for any r] £ I. 

(f) (Dichotomy) Assume that I is an open interval in [0, +00) and M is not the direct sum of 
two nonzero dj+ -differential submodules. If fi{M,r) is affine for r G —log/, then, for each 

(1) either M F^i has pure intrinsic dj -radii which equal to IR{M (8) F^j) for all r/ G /, or 

(2) IRq^ (M F^) > IR{M ® F^) for all r] £ i . 

Moreover, if \uj\ = 1 for any j £ J and I C [0, 1), then same statements above except (c) hold 
for fi{M,r) and Fi{M,r) in place of fi{M,r) and Fi{M,r), respectively. We need to modify the 
statement (c) as follows. 

(c') (Monotonicity) Suppose that £ I. For i = 1, . . . ,d, for any point ro where fi{M,rQ) > r^, 
the slopes of Fi{M,r) are nonpositive in some neighborhood of r^. Also, fi{M,r) = r for r 
sufficiently large. 



25 



Proof. For the statements (a)-(e) for fi{M,r) and Fi{M,r), see [KXlOl Theorems 2.4.4 and 2.5.1]. 
For the statements (a), (b), (c'), (d), and (e) for /j(M, r) and Fj(M, r), we can argue similarly as 
follows. 

Let K denote the completion of K{x j) with respect to the (1, . . . , 1)-Gauss norm. For I = 
[o, /3) C [0, 1), (as in |KX101 Notation 2.4.1],) Taylor series gives rise to an injective homomorphism 
/* : K{a/t,t/j3}} K{a/t^t/^}} such that f*{uj) = uj + xjt. 

For 7] G (a,/3), we use to denote the completion of K{t) with respect to the r/-Gauss norm. 
Then /* extends to an injective isometric homomorphism f* : F^j ^ F^. 

Now, f*M becomes a 5o-differential module on A^~[a,(3). Moreover, since do\j,j^ = c?o|m + 
SjGj^j^iUf, we have 

RdoiM (g) Fr,) = min {Rq, (M F^)} = ER{M (g) F^), for any rj G [a, /?). 

In other words, ff^\f* M,r) = fi{M,r) for r G (—log/3, — loga). The theorem follows from Theo- 
rem [T331 

Now, we prove (f) for intrinsic radii and the analog for extrinsic radii follows by exactly the 
same argument. 

Assume that we are not in case (2). Then IRq.{M (8) F^) = IR{M (g F^j) for some rj & L By 

Theorem [I331^d), the convexity of f[^\M,r) forces IRd,{M ® F^) = IR{M ® F^) for ah r/ G /. 
Now, if IRq^ (M (g) F^; 2) > IR{M (g F^) for ah r] G {a, /3), the decomposition (e) would imply that 
M is decomposable, which contradicts the assumption. Therefore IROj {M (8) F^; 2) = IR{M ^ F^) 
for some rj € I. By Theorem ll.5.4l fd) again, we have the equality for all r] ^ I. Continuing this 
argument for the third and other 9j -radii leads us to case (1). □ 

Next, we discuss the variation of refined 5j-radii of a 9j-differential module M when f^\M, r) = 
••• = /dimM(-^' affine. Before proving general results, we first look at an example of pure 
refined 9j-radii. It is a 1-dimensional analog of Example 11.3.201 

Example 1.5.7. Let j G and let {a, (3) 

h G -log|i^^p and let a G Q. Assume that 



3' 

Example 1.5.7. Let j G and let {a, (3) C (0, oo) be an open interval. Let 6 G i^^^ai^ for some 



e-V,e-',5«>{;_.,, (1.5.8) 

We will see that this includes non-visible radii. As noted in Remark 11.3.211 we cannot improve the 
restriction p'~^/P to 1. 

Let e be the prime-to-p part of the denominator of a. We have the following. 

(a) If p = 0, then b G — log|(i^')^| and 6 G for some finite tamely ramified extension K'/K. 
Let X G m^^, be a lift of 6. We set n = and d = 1 in this case. 

(bO) If p > and j = 0, there exists n G N such that Qp" G k^^7^ with p"b G -logKK')''! and 
p'^ea G plj, for some finite tamely ramified extension K'/K. Let x G ni^, ''^ be a lift of 6^" . 
We set d = p". 
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(bl) If p > and j G J, there exists n G N such that 9^ G (k]^, 'Y and p'^ea G Z with 
p^^ b G — log|(i^')^| for some finite tamely ramified extension K'/K. Let x G iTi^;(e^) be a 
hft of 0^" in the fixed field of dj; this is possible by Lemma ll.2.161 

Let j4^, (a-*^/*^, Z?-*^/^) be the open annulus with coordinate t^/^. Define to be the dj- 

differential module over A\.,{a^/'',f3^/'') of rank d with basis {ei,...,erf}, on which dj acts as 
9jej = ej+i for z = 1, . . . , d — 1 and djGd = xt'^'^uj'^ei, if j G J and dje^ = xt^^^-^^'^ei, if j = 0. The 



added u, and t are to balance the different normalization on intrinsic Sj-radii. 



Lemma 1.5.9. Keep the notation as in Example \1.5.7\ If we denote F'^-,- = Fe-^i'^ )j then for 

all r G (—log/3, — loga), \ . ^ F'^ has pure intrinsic dj-radius we"^"'"^ and QdA^^. \ i„\ ^ F',.) 
consists of only Ot"" with multiplicity d. 

Proof. Comparing this with Example I1.3.2UI we have for any r, („■) ® ^1-^ isomorphic to 
Cr^ida^-d if J G J and C^^d(a-i) if j = 0. Applying Lemma I1.3.23I to this 9j-differential 

module yields the result; note that the condition (|1.5.8p corresponds to the condition on s in 
Example I1.3.2UI □ 

Theorem 1.5.10. Fix j G J^. Let M he a dj-differential module over an open annulus A^j^[a,j3) 
such that M (g) F^-r has pure intrinsic dj -radii oje°'^~^^ < 1 for any r G (— log/3, —loga). (This 
in particular says that /-[■'^(M, r) = ••• = fj^i'l^]yjiM,r) is an affine function of slope —a.) Let e 
he the prime-to-p part of the denominator of a and let A]^{a^/^ , P^^^) he the open annulus with 
coordinate t^^^. Then, by replacing K by a finite tamely ramified extension, we have a canonical 
decomposition M = ^^^^w Mq of dj-differential modules over A]^{a^/'',p'^/''), where (g) F^, has 

pure refined intrinsic dj -radii Ot"" for any rj G (a, /3). Moreover, by Galois descent, we may obtain 
the decomposition over A\-{a, fi) by grouping conjugates of 6's. 

Proof. First of all, since defining a (?j-differential module only needs finite data, we may assume 
that Q-log|K^| T^M. 

The decomposition if exists is determined by the decomposition at each radius e"'" G (a,/?); 
it is canonical. Thus, we may replace K by any finite tamely ramified extension when we need 
(and then obtain the decomposition over K by Galois descent). Also, it suffices to obtain the 
decomposition in a neighborhood of each radius in (a,/3). 

Let ro G (—log/3, -logo) be a point. We first assume that IRq.{M (g) F^-ro) < 1 when p = 
and IRq.{M ® F^-tq) < p~^/p(p~^) when p > 0. (Note that this restriction still allows some non- 
visible radii.) By shrinking (a,/3) to a smaller neighborhood of ro, we may assume that the above 
condition at tq holds for all points in (—log/3, — loga). Pick a point ri G (—log/3, — loga) which does 
not lie in Q • log|i^^ |. 

Let Ot"- G T&dj (M(8)Fg-ri ) be a refined intrinsic Oj-radius, with multiplicity /i. Since M<SiF^-ri 
has pure intrinsic 5j-radii ue"'^'^'^, we have Of^ G — t^K^^ig; here the latter isomorphism 

follows from our choice ri ^ Q • log|if^|. Hence, 9 G «^^lig. Now, applying the construction in 

Example 11.5.71 gives a 9j -differential module over ^4^, (a^/"^, /3^/'^) of pure 9j-radii we"''"^'' 

and pure intrinsic 9j -radii Ot"" at radius \t^^^\ = e~'^^^ for r G (—log/3, —loga), where the coordinate 
on the annulus is t^^"^. 



27 



Denote N = M®{C^\ ^^p^; it is a 5j -differential module over A\.,{a^/'' , 13^/''). Denote = 

^c-'-' i^^^"") ®kK'. Then IRq. {N ® ) < a;e'''"'+^ for r' G (-log/?, -loga). By Proposition [LMHJ 
and Theorem 11.3.26^ we have 

/?(M,n) = f?{N,n) = /gLM_,),(iV,ri) > /gLM-,).+i(^'-i)- 

By Theorem ll.5.6l fdl. the same has to be true for all r' G (—log/3, —loga) in place of ri because a 
convex function below a linear function is same as the linear function if the two functions touch 
at some point. By Theorem ll.5.4r e). we have a decomposition of 5j-differential module N = 
Nq © A^i, where Nq accounts for the first (dimM — subsidiary f?j-radii and Ni accounts for 
the other iid subsidiary (?j-radii. In particular, Nq (E> F'^-r' has pure intrinsic (?j-radii we"'" and 
IRq.{Ni ® F'^-r') ^ i^eP""^'^^ ■ By the same argument as in Theorem II. 3. 26[ this implies that M has 
a decomposition of Sj-differential modules over ^j^,(a^/^, /J^/*^): 

such that Me®{6^\ („))^ = A^i and M'®{6^\ ^^^^ = Nq. By Proposition [LMJ and LemmaHXHl 
for all r' S (—log/3 — loga), Mq®F'^_^, has pure refined intrinsic 9j-radii Of^ and the refined intrinsic 
9j-radii M'®F'^_^i does not contain Ot"". We obtain the decomposition by applying the above process 
to every 0. 

Now, it suffices to deal with the case whenp > and IRd{M F^-r) € [p^^/P^P"^), 1). In this 
case, we have 5j-Frobenius antecedent of iVf in a neighborhood of r. The decomposition follows 
from the decomposition of the 9j-Frobenius antecedent or, more generally, iterative (9j-Frobenius 
antecedent (until the intrinsic 5j-radii fall in the range above.) □ 

Remark 1.5.11. The artificial reduction to the case Q • log|X^| 7^ M is to simplify the proof of 
9 G K^iig- This can be avoided using Newton polygons if the intrinsic radii is not io. If the intrinsic 
radii is constantly to, one may alternatively use Probenius pushforward to reduce to the visible case. 

Theorem 1.5.12. Let M be a dj+ -differential module over an open annulus such that 

M (Si Fg-r has pure intrinsic radii we"^"*"* < 1 for r S — log(/). Let e denote the prime-to-p part 
of the denominator of a. Then for some finite tamely ramified extension K' /K, there exists a 
canonical decomposition 

iVf = 0ikftf (1.5.13) 

over A]^,{L^^^), where the direct sum runs through all-d € ©jGJ'^^lig"^®'J^ligT' ■^^c/i that M^SF^^ 
has pure refined intrinsic radii t""d for all rj S —log/. 

We may obtain the decomposition ()1.5.13p over K if we group Galois conjugates of {} 's. 

Proof. We first assume that ^ /. We need to show that the relevant 9j-radii are log-affine 
functions. Without loss of generality, we assume that M is not a direct sum of two nonzero sub- 
9j+-modules. Hence, we have the dichotomy stated in Theorem 1 1 . 5 . f ) . We apply Theorem ll.5.1UI 
to the dj for which case (1) of Theorem 11.5.6( 1) holds for M. The decompositions for different dj^s 
are compatible. This gives the desired decomposition. 

Now, we deal with the case when I = [0, /3). Since, we have already proved theorem over (a, /3) 
for any a > 0, it suffices to find the decomposition (11.5. 13p over for / = [0, a) with a sufficiently 
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small. We assume that IRQg{M (81 Fa) = 1. Thus, by making a a bit smaller, M (8) A|^.[0, a) is 
a trivial 9o-differential module and hence is the pull back of a 9j-differential module Mq over K. 
The decomposition (jl.5.13p follows from the decomposition of Mq by Theorem 11.3.261 □ 

Similarly, we have the same result for refined extrinsic radii, but only over A^{I) since base 
changing to A^,{I^/^) would change the extrinsic radii. 

Theorem 1.5.14. Assume that \uj \ = 1 for all j G J. Let M be a dj+ -differential module over an 
open annulus A]^{I), where I C [0, 1). Assume that M®F^-r has pure extrinsic radii we"^'"*"'' < e~^ 
for r € — log(/). Let e denote the prime-to-p part of the denominator of a and let n^, be the set of 
e-th roots of unity. Then there exists a canonical decomposition 

{S} 

over A]^{I), where the direct sum runs through all Galois conjugacy classes of fj.e'& in ©jgjK^l^igdtij© 

K^l^^i^dt, such that the refined extrinsic radii is exactly the Galois conjugates of fie'^i"' 

with same multiplicity, for all rj I. 

Proof. The proof goes verbatim as in Theorem ll.5.12l except that we need to cite the decomposition 
after Galois descent. Note also that when we descent a 9_7+ -differential module from A]^{I^^^) to 
A]^{I), we pick up the e-th roots of unity He- □ 

1.6 Refined diff'erential conductors 

For a solvable differential module over an annulus with outer radius 1, we define the notion of 
differential conductors, as well as refined differential conductors if the differential module has pure 
differential break. 

We continue to assume Hypothesis 11.5.11 Moreover, we assume p > in this subsection. 

Definition 1.6.1. Let M be a 5j+ -differential module of rank d on A^{r]Q, 1) for some % ^ (0, 1). 
We say that M is solvable if IR{M (gi F^) 1 as r] 1^ . 

Theorem 1.6.2. Let M be a solvable dj+ -differential module of rank d over A^^{rjQ,l) for some 
r]o € (0, 1). Then by making rjo closer to 1, there exists a decomposition M = Mi © • • • © Mj over 
A^irjo, 1) CLnd nonnegative distinct rational numbers 61, ... ,6^ with hi ■ rank(Mj) G Z, such that 

IR{Mi®F^;j) =7]''^ {i = l,...,r, j = l,...,rank(Mi); r/S (r/o,l)). 

Keep the same hypothesis and assume moreover that \uj\ = 1 for all j G J. By making i]q 
closer to 1, there exists a decomposition M = Mi © ••• © over A]^{r]o,l) and nonnegative 
distinct rational numbers 61, . . . , 6^ with hi ■ rank (Mj) G Z, such that 

R{Mi®F^;j)=r]^^ (i = l,...,7; j = 1, . . . , rank (M^); r/ G (??o, !))• 

Proof. The two statements can be proved using the same argument, as follows. By Theorems 1 1 . 5 . 6 ( a) (b) (d) , 
for / = 1, . . . , d, the functions d\Fi{M,r) and d\Fi{M,r) on (0, — log??o) are continuous, convex, and 
piecewise affine with integer slopes. By hypothesis, d\Fi{M,r) — >• and hence d\Fi{M,r) ^ as 
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r — > 0"*" ; because of this and the fact that d\Fi{M,r) > and d\Fi{M,r) > for all r, the slopes 
of Fi{M,r) and Fi{M,r) are forced to be nonnegative. Hence there is a least such slope, that is, 
d\Fi{M,r) and d\Fi(M,r) are linear in a right neighborhood of r = 0. 

We can thus choose r/o — )• 1~ so that d\Fi{M,r) and d\Fi{M,r) are linear on (0, — log?7o) for 

1 = 1, . . . ,d. We obtain the desired decompositions by Theorem ll.5.6l fe). respectively; the integrality 
of bi •rank(Mj) and bi •rank(Mj) follows from the fact that -FdimA/i(Afi) and -PdimAf (-^*' have 
integral slopes, again by Theorem ll.5.6l fb) . □ 

Definition 1.6.3. Let M be a solvable 9j+ -differential module of rank d over A^{r]Q, 1) for some 
r/o G (0, 1). Define the differential log-breaks of M to be the multiset consisting of bi from Theo- 
rem [T?U2] above with multiplicity rank (Mj); we use biog{M; !)>•••> biog{M; d) to denote them in 
decreasing order. We define the differential Swan conductor of M to be the sum of the differential 
log-breaks, that is Swan(M) = • rank(Mj); it is a nonnegative integer by Theorem 11.6.21 

above. 

When M has pure differential log-breaks, we define the refined Swan conductors of M, denoted 
by XG(M), to be the (multi)set of "Q in (jl.5.13p with multiplicity rank(M^). 

Similarly, when \uj \ = 1 for all j G J, we define the differential nonlog-breaks to be the multiset 
consisting of bi from Theorem 11.6.21 above with multiplicity rank(Mi); we use 6niog(-^; !)>■■■> 
bniog{M;d) to denote them in decreasing order. We define the differential Artin conductor of M 
to be the sum of the differential nonlog-breaks; it is also a nonnegative integer by Theorem 11.6.21 
above. 

When M has pure differential nonlog-breaks, we define refined Artin conductors of M, denoted 
by £@{M), to be the (multi)set of Galois conjugacy classes of {/J-e^} in (11.5. ISp with multiplicity 
the same as that of -^j^j, ® F^^ for any rj G 1)- 

2 Refined differential conductors for Galois representations 
2.1 Construction of differential modules 

We keep the notation from Subsection 11.11 Throughout this section, we assume that p > is a 
prime number. 

Definition 2.1.1. For a field k of characteristic p > 0, a p-basis of k is a set {bj)j£j C k such that 
the products by , where Cj £ {0,1, . . . ,p — 1} for all j £ J and ej = for all but finitely many j, 
form a basis of the vector space k, over k^. 

Notation 2.1.2. Let k he a complete discretely valued field of characteristic p > 0. Let vr^ be a 
uniformizer of k, generating the maximal ideal rriyt in the ring of integers Ok- Let k = Kk denote 
the residue field. Let R = k^"^^ denote an algebraic closure of k. We choose and fix a non-canonical 
isomorphism k ~ K((7rfc)). We fix a p-basis bj of k and let bj be the preimage of them via the 
isomorphism above. Then {bj,'Kk) gives a set of p-basis of k. Let feo = n„eN«^^" = n^gN^^"- We 
know that dir^ and dbj for a basis of over Ok- 

Let Ok denote the Cohen ring of n with respect to bj and let Bj C Ok be the canonical lifts 
of the p-basis. Denote K = FracOi^-. Also, we use Okq to denote the the ring of Witt vectors of kQ 

and/^o = Oi^o[^]- 
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Notation 2.1.3. For an extension k' /k of complete discretely valued field, the (naive) ramification 
degree of k' /k is simply the index of the valuation of k in that of k' . 

We say that k' /k is tamely ramified if e and the residue field extension k^i / Kk is separable, 
that is Kfc/ is algebraic and separable over Kk (xa ; a G A) for some transcendental elements Xq and 
an index set A. If moreover, e = 1, we call k' /k unramified. 

Notation 2.1.4. By a representation of G^, we mean a continuous homomorphism p : — > 
GL(V^), where Vp is a vector space over a (topological) field F of characteristic zero. We say that 
p is a p-adic if F is a finite extension of Qp. 

Let F be a finite extension of Qp. Let O and ¥q denote its ring of integers and residue 
field, respectively, where g is a power of p. Write Zg for the ring of Witt vectors V7(Fq) and 
Qy for its fraction field. By an O -representation of G^, we mean a continuous homomorphism 
p : Gk — >• GL(Ap) with Ap a finite free O-module. 

For p a p-adic representation or an O-representation, we say that p has finite local monodromy 
if the image of the inertia group Ik is finite. 

We always assume that Fg C k^. Denote K' = KF. Since F/Qq is totally ramified, we have 
Ok' — Ok <8)Zq O for the ring of integers. 

Notation 2.1.5. We write 7^^, = K'{ri/T,T}} for rj G (0, 1) and use TZk' = U^g(o,l)7^^/ to denote 
the Robba ring over K'. Let 7^^* be the elements in TZk' whose 1-Gauss norm is bounded by 1; 
it is a Henselian discrete valuation ring, with residue field k, where the reduction of T is tt^. For 
rj G (0, 1), we use to denote the completion of K'{T) with respect to the jy-Gauss norm. 

A Frohenius lift 4> is an endomorphism of 7^^* which lifts the natural q-ih. power Frobenius 
on k. The Frobenius lift naturally extends to an action on TZk'- A standard Frohenius lift is a 
Frobenius lift which sends T to and Bj to for any j (z J. 

Also, dB J and dT form a basis of differentials ^^int , ^t^^, ^tz^ V ^ i^i Denote 

their dual basis to be do = d/dT,dj = d/dBj for j G J. Then a V-module over TZk' is just a 
9j+ -differential module. 

Definition 2.1.6. Let (/> be a Frobenius lift. Let R = TZk', TZ^,, or TZ'^^,. A {(I), V) -module M 
over i? is a 5 j+ -differential module together with an isomorphism ^ : (J)* M M oi (9j+ -differential 
modules. 

Theorem 2.1.7. For any Frobenius lift (j), we have an equivalence of categories between the category 
of O -representations with finite local monodromy and the category of {(p^V) -modules over TV^'- 
Moreover, all {(p^V) -modules can be realized over TZ^/ for some t] G (0,1). This {(p^V) -module is 
independent of the choice of the p-basis. 

Proof. We refer to |Ked071 Section 3] or [ XialU Subsection 2.2] for the construction of the functor. 

□ 

Definition 2.1.8. For a p-adic representation p of Gk with finite local monodromy, we choose an 
invariant O-lattice Ap of Ip, stable under the action of Gk', this gives an O-representation of Gk- By 
Theorem 12. 1.7( we obtain a (</), V)-module over TZ^^,- We call its base change to TZk' the differential 
module associated to p, denoted by £p. This does not depend on the choice of the lattice Ap. 

Hypothesis 2.1.9. Assume that k as a finite p-basis bj, where J = {1, . . . , m}. 
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Notation 2.1.10. Let J = {1, . . . , m} for notational convenience. We save the notation j and m 
for indexing p-basis. We also use to denote J U {0}, where refers to the uniformizer vTfc. 

Proposition 2.1.11. Let (j) he the standard qth-power Frobenius lift on TVj^,. Then the pull hack hy 
Frobenius (p : F^q — )• F^ is the same as the iterative Frobenius pullback (f^^o,>^) o • • • o ip^^^'^\ where 
q = p^. 

Proof. We may assume that K' contains C,q a q-lh. root of unity. It suffices to show that the image 
(j){F^q) is stable under the action of (Z/gZ)"*"*"^ in the sense of Construction [L2.14l (one lujqL from 
each (9j-Frobenius for j € J"*") and that the degree of F'^ over (^{F'^q) is (f^^^ . 

For i = (io, . . . , ^m) G (Z/gZ)™+i, we have T^^ = QT and (5^)® = Ci'Bj for j G J. Hence, 
both the standard Frobenius lift 4) and (•)® o(/) are continuous homomorphism from Oa'IT"]] to itself 
sending Bj to B'^ and T to T'^. By the functoriality of Cohen rings (e.g., |Xialll Proposition 2.1.8]), 
they must be the same. Hence the image of (f) is stable under the (Z/gZ)™"'"^-action. 

To see that has degree g^+i over (j){F^q), it suffices to show that the degree of K has degree 
over (j){K), because the T part is obvious. Note that <j) : Ok Ok is a flat homomorphism 
since Ok is torsion free Oi<--module via (p. Hence the degree oi (j) : K ^ K \s the same as the 
degree of : k ^ k, which is q^. This concludes the proposition. □ 

Proposition 2.1.12. Let <j) be the standard qth-power Frobenius lift on TV^,. Let £ be a ((/>, V)- 
module over A^,[r]Q, 1) for some r]Q £ (0, 1). Then £ is solvable. 

Proof. This is well-known to experts. However, we do not have a good reference in our case. We 
include the following proof. By Lemma ll.2.18l fa). we have 

f^{^*M, r) = max {p~^fi{M, qr),p^-\f^{M, qr) - logp), ...,fi{M, qr) - Alogp}, 
where A = logpf;. Since (f)*M — )• M, the function gi{M) = limsupr_j.Q+ fi{M,r) satisfies 
gi{M) = max {p~^gi{M),p^-\gi{M) - logp), . . . ,gi(M) - Alogp}. 

This forces gi{M) to be zero. By the continuity of fi{M,r) and the convexity of Fi(M,r) in 
Theorem II. 5. 6^ limj._j.o+ fi{M,r) = 0. Hence, £ is solvable. □ 

Proposition 2.1.13. Let (p be the standard qth-power Frobenius lift and let (j)' he another Frobenius 
lift on Ti-^Ki. Assume that £ is a {(l),V) -module over A^,[riQ,l) for some rjQ € (0,1). Then £, 
restricted to A^, [r/, 1) for some rj £ [rjQ, 1), is naturally equipped with a (cp' jV) -module structure. 

Proof. Define the Frobenius structure for (p' by Taylor series as follows. For v £ £, 

"P^^' (e + ) ! ^\ dT^o dB^' ' ' ' dB"^ 

ej+=0 \ .J / 1 

Since \4>'{T) — (/>(T)|i < 1 and \(j)'{Bj) — (j)[Bj)\i < 1 for all j € J, we have the same inequality 
for r/-Gauss norm when rj £ 1) sufficiently close to 1. Hence the expression for 0' converges 
under | • |^ for G (r/o, 1) sufficiently close to 1 and also for | • |i. □ 

Remark 2.1.14. One may also approach the results of this subsection without using the standard 
Frobenius first but using a generalized version of Lemma [1.2.18( a) for non-centered Frobenius. This 
point of view is taken in [KedlOl Chap. 17]. 
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2.2 Differential conductors 



In this subsection, we detailize the resuhs about differential modules in [Xiall] and |Ked07] by 
analyzing the breaks associated to each element in the p-basis of k. 
We do not assume Hypothesis I2.1.91 for now. 

Definition 2.2.1. For a p-adic representation p of of finite local monodromy, let I be the 
extension corresponding to Kerp. We may choose the p-basis {cj,7r;} of I, such that tt; is an 
uniformizer, cj C Of , and for a finite subset Jq C J, cj^j^ C Ok- Let /c^ be the completion of 

k{c'J<^j^;n € N) and k^ verifies Hypothesis 12.1.91 We define the nonlog-breaks (resp. log-breaks) 
of p to be those of p\g^a- Their sums are called the Artin (resp. Swan) conductors of p, denoted 
by Art(/3) (resp. Swan{p)). These do not depend on the choice of p-basis or Jq, by |Ked07[ 
Proposition 2.6.6]. 

Definition 2.2.2. Put Fil°Gfc = Gk and FiPGfc = 4 for a G (0, 1]. For a > 1, let Ra be the set of 
finite image representations p with nonlog-break less than a. Define FiPGfe = HpeiJa i^^ ^ ^'^^(p)) 
and write FiP^G^ for the closure of Ub>aFil''Gfc. This defines a filtration on Gk such that for all 
finite image representation p, p(Fil°'Gk) is trivial if and only if /> G Ra- 

Similarly, put Filj'QgGfc = Gk- For a > 0, let Ra^iog be the set of finite image representations 
p with log-break less than a. Define FilJ^^gGfe = PlpeRa log i^^^ nker(p)) and write Fil^^gG^ for the 
closure of Uft>aFil|'QgGfc. This defines a logarithmic filtration on Gk such that for all finite image 
representation p, p(Filf^^Gk) is trivial if and only if /) € Ra,log- 

For a finite Galois extension l/k, the above filtrations induce filtrations on the Galois group 
Gi/k by Gf/,, (log) = G;Fil^i„g)Gfc/G/ and Gf+ ^^g^ = G^Fil^+g^Gfc/G,, for a > 0. We define the 
(log-) ramification breaks to be the numbers b for which G^*^^ ^j^g^ ^ (log)' order them as 
^(n)log(V^) = ^(n)log(V^; 1) ^ ^(n)log(V^; 2) > • • • . In particular, if /) is a faithful representation of 
Gi/k, we have 6(n)iog(p) = &(n)iog(V^)- 

Theorem 2.2.3. Differential conductors satisfy the following properties: 

(a) For any representation p of finite local monodromy, 

Art(p) = a.dim(y/""+^Vy/il"^^) GZ>o, 

aG(Q>o 

Swan(p) = a-dim(yp''"'°^^7yp'''''°^^') eZ>o. 

aeQ>o 

(b) iei k' /k be a (not necessarily finite) extension of complete discretely valued fields. Ifk'/k 
is unramified, then YW^Gy = FiFG^ for a > 0. If k'/k is tamely ramified with ramification index 
e < oo, then FilfogGfc' = Filf^gGfe for a> 0. 

(c) For a > 0, FiP+^G^ C Filf^Gfc C FiPG^. 



log 

(d) For graded pieces, we have 



for a>l, Fil'^Gfc/FiP+Gfc 
for a>0, Filf Gfc/Filf+Gfc 



a^Q 

an abelian group killed by p a S Q 

a ^ Q 

an abelian group killed by p a S Q 
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(e) The ramification filtrations are the same as the ones defined by Abbes and Saito in IAS0S\. 

Proof. This includes important properties of the differential ramification filtrations and the arith- 
metic ramification filtrations in [Xialll Theorem 2.4.1 and Proposition 4.1.7]. The statement (e) 
is proved in |Xiallt Theorem 4.4.1]. We refer to |Xiall| and [AS02] for the precise definition of 
arithmetic ramification filtrations. □ 

We assume Hypothesis 12.1.91 for the rest of the subsection. 

Definition 2.2.4. Let p be a representation of with finite local monodromy. The log-breaks of 
p are the differential log-breaks of £p, as a solvable (9j+ -differential module. We write b\o^{p;l) = 
b\og{£p] I) for I = 1, ... , dim p. 

Similarly, The nonlog-breaks of p are the differential nonlog-breaks of Sp/ph ^^'^ with mul- 
tiplicity dimp^'=, where p^'' is the maximal subrepresentation of p on which 1^ acts trivially. We 
write 6niog(/O;0 = K\og{£p/pik'J) for / = 1, . . . ,dim.{p/ p^>^), and 6niog(/0; dim(p/p^fc) + 1) = • • • = 
^niog(/o;dimp) = 0. 

For simplicity, we also write 6niog(/o) = &niog(/o; 1) and 6iog(/o) = Vg(/0; 1) for the highest nonlog- 
break and the highest log-break. 

Proposition 2.2.5. For each j € , there is a ramification break bj{p) associated to bj (j G J) 
or TTfc (j = 0), such that RQ^{£p F^) = rf'i'^P^ for all — )• 1^. Moreover, 

K\og{p) = max{6j(p)}, 6iog(p) = max{6o(p) - 1; bj{p) for j G J}. 

Proof. By applying the same argument of Proposition 12 . 1 . 12] to intrinsic c?j -radii, we know IRdj {£p® 
F^q) = IRq.{£p ® F'^Y foi' rj ^ 1~ . Therefore, by the convexity given by Theorem 11.5.4( d). 
f^\£p,r) is affine as r — )• 0+. The proposition follows. □ 

Definition 2.2.6. We call bj+{p) the breaks by p-basis of p with respect to the lifted p-basis bj 
and the uniformizer vr^. 

When doing operation on k, we want to understand the corresponding effect on the bj{p). 

Lemma 2.2.7. Fix Jq G J. Let b'j+{p) be the breaks by p-basis of p with respect to the lifted p-basis 
-|- VTfc} and the uniformizer -k^. Then b'j{p) = bj{p) for j & J and 



b'oip) 



= max{bo{p),bjo{p)} if boip) / bjoip), 
<bo{p) ifbo{p) = bjo{p). 



Proof. Let dj+ denote the derivations dual to the basis dBj\rj^j,dT,d{Bj^ + T) of ^iLi^t- Then 

K' 

dj = dj and O'q = do — dj^ . The lemma follows immediately. □ 

Remark 2.2.8. This lemma is in fact much stronger than it looks. Applying the same argument 
to -|- avTfc for a & ko, we find out that for all but possibly one a G /cq, fto(/o) > bj^i^p). So, the 
direction for uniformizer is "generically dominant". This motivates the following lemma. 
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Lemma 2.2.9. Fix jo € J. Let k be the completion of k{x) with respect to the 1-Gauss norm, 
equipped with lifted p-basis {bj\{jg}, bj^ +x'irk, x} and the uniformizer nk- Let p be the representation 
G-^^Gk^GL{Vp). Let 

^j+u{m+i}{p) denote the breaks by p-basis with respect to the lifted p-basis 
and the uniformizer above, where bj\[jgj{p) corresponds to fej\{jo}; ^joiP) corresponds to bj^ +xiTk, 
bo{p) corresponds to -k^, and bm+iip) corresponds to x. Then we have bj{p') = bj{p) for j £ J, 
bm+i{p) = bjoip) -l,bo{p) = max{5o(/)),6jo(p)}. In particular, 6niog(p) = &niog(p)- 

Proof. Let K' denote the completion of K'{X) with respect to the 1-Gauss norm, where X is the 
canonical lift of x. Let / : A-;, [t/q,!) — ?• A^, [r/o,l) be the natural morphism. Then f*£p is the 
differential module associated to p'. Let dj+u^^_^_iy be the differential operators corresponding to 
the p-basis (^j\{jo}5 ^jo + ^"^k, T^k)- Then under the identification by /*, we have 

dj = dj, ~dm+i = Tdj,, do = do-Xdj,. (2.2.10) 

The lemma follows because X is transcendental over K' . □ 

Lemma 2.2.11. Fix jo G J. Let k' = k{b]j^J'), equipped with lifted p-basis {bj\{jQ},b^jJ'} ■ Let 
b'jj_{p\Gy) be the breaks by p-basis of p\Gy with respect to the p-basis above. Then = bj[p) 

for j G J+\{jo} and b'j^{p\Gy) = ^bj^ip). 

Proof. Replacing k by k' is equivalent to use ip^^^'f to pullback the differential module £p. The 
lemma follows from Lemma ll.2.18f a) applying to £ ® F^^ when 77 — )■ 1~. □ 

Lemma 2.2.12. Fix jo € J. Let k' denote the completion of k{b-^ ; n G N) equipped with lifted 
p-basis bj\^jf^y Let ^j+(/o|gj./) be the breaks by p-basis of p\Gy with respect to this p-basis. Then 
b'^{p\Gy) = b,{p)forjeJ+\{jo}. 

Proof. This operation is equivalent to simply forgetting the jo-direction. □ 

Situation 2.2.13. Now, we study a particular case of base change, which will be useful in the 
comparison Theorem 13.4.11 This type of base change was first considered by Saito in [Sai09|. 

Fix e G N possibly divisible by p. Let k be as above, and let k' be the completion of k{x) with 
respect to the 1-Gauss norm, with uniformizer nk' = i^k- Denote k = k'[u\/{u'^ — x~^-Kk). 

The residue field of k is ^(2;); we choose its p-basis to be {bj,x), and the uniformizer of k 
to be TT^ = u. We choose the isomorphism k{x){{u)) ~ /c to be the one that is compatible with 
Notation 12.1.21 and that sends x to x; thus we obtain a p-basis for k given by bj,x and u. 

Proposition 2.2.14. Assume Hypothesis \2.1.fA The natural homomorphism Gj, G^ induces a 
homomorphism Filf^gG^ — )• Filj^gG^ for a G Q>o- Moreover, the induced homomorphism Filf"gG^/FilJ^^g^G^ 
Filf^gGfc/FilgGfe is surjective for a G Q>o. 

Proof. It suffices to show that, for a p-adic representation of Gk with finite local monodromy 
and pure log-break 6iog(/o), the representation p : Gj. ^ Gk ^ GL{Vp) also has the same log- 
break. We employ the argument of breaks by p-basis. Let K' be the completion of K'{X) with 
respect to the 1-Gauss norm, where X is the canonical lift of x. Then we have a natural map 
/ : A^~\r]^/^,\) — )• ^^^,[77, 1) for rj 1~, sending T to XU^, where U is the coordinate of the 
former annulus. 
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Let 6o(p), . . . , bm+i{p) be the breaks by p-basis with respect to bj, x and the uniformizer vr^ = u. 
Then f*£p is the differential module associated to p, with the actions of do = d/dU, dj = d/dBj^ 
and dm+i = d/dX. We have 

~dj = dj, do = eXU'^-'do, = C/^^q. (2.2.15) 

By Theorem 11.4.191 we have bj{p) = ebj{p), 6o(/o) < e6o(p) — (e — 1), and bm+iip) = e^o(/o) — e. 
(When e is prime to p, the inequality becomes an equality.) In particular, 6^+1 (p) > ^o(p) — 1- 
Hence, we conclude that 

b\og{p) = max{6o(p) - l,bj{p),bm+i{p)} = max{e6j(p), e6o(/9) - e} = e6iog(p). 
This proves the proposition. □ 

2.3 Refined diff'erential conductors 

In this subsection, we define the refined differential conductors. This provides some information 
about the graded pieces of the ramification filtrations. We keep the notation as in previous subsec- 
tions but we drop Hypothesis 12.1.91 

Notation 2.3.1. Fix a Dwork pi tt = (-p)^/^^^^). 

Notation 2.3.2. We denote J^^^(log) = Oj,^ + C ^l- If we choose a p-basis bj of k as in 

Notation we have flo^{log) = ® ®j<^jOkdbj. 

Construction 2.3.3. Let p be a p-adic representation of of finite local monodromy and of 
pure break b = b^iogip) (resp. log- break b = 6iog (/?)). Replace k by the completion an inseparable 
extension as in Definition 12.2.11 and we may assume Hypothesis 12.1.91 Let £p denote the {(f), V)- 
module associated to p. By Theorem ll.5.6l fe). there exists rjQ G (0, 1) such that £p (8) -F^ has pure 
extrinsic (resp. intrinsic) radii rj^ for rj £ 1)- 

We define the set of refined Artin conductors of p to be 

rar(p) = {^i9vr^^ I ^ G IQ{£p)} C 1^^, vr^''^. 
Similarly, we define the set of refined Swan conductors of p to be 

rsw(/)) = {^^TT^^ I ^ e IQiSp)} C ^^^,(log) ''k. 

Remark 2.3.4. There is a unique primitive p-th roots of unity (p such that tt = (Cp — 1) mod {Cp ~ 
1)2. If we replace tt by this Cp — 1 in the definition above, the definition does not change. 

Lemma 2.3.5. In Construction [27373{. the definition of refined Artin and Swan conductors does 
not depend on the choices of the lifted p-basis of k and the uniformizer nk- 

Proof. We may assume Hypothesis 12.1.91 since only finitely many elements in the p-basis show up 
in the refined Artin and Swan conductors. 
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For another choice of Ufted p-basis and uniformizer, we will end up considering another set of 
differential operators d'^ = d/dB'- for j & J and O'q = d/dT' . We write 

dBj = ajj'dBj, + ajfidT' for j G J, dT = aoj/dBj' + ao^odT', 

j'&J j'GJ 

where ajj' G 0/^'[[T] for € J^. Better, we have aoj € T ■ Ok'ITJ. 

We may assume that £p has pure differential nonlog-break (resp. log-break) and has pure 
extrinsic (resp. intrinsic) radii r]^ for rj E [rjQ, 1) for some tjq E (0, 1). 

By applying Theorem ll.4.19| for r/ G (779, 1) H p"^ and for any j € J+ such that (8> -F^) = 

Fi?(y F^) (resp. (y O F^) = /i?(y F^)), we have 

e^/ (5p ® F;) = {7rr-^(Qojeo + ■ ■ ■ + a„^Je„^)|7^^-^(M^ + 9idBi + ■■■ + BradBm) G £Q{£p ® F^)} 
G9,(^p ® F^) = {7rr-''(^0o + • • • + am,jem)\T^T-\eQ— + ^idSi + • • • + 0™d5™) G XG(^p F^)} 
Note also that 

("0,06*0 H 1- am,o6m)dT' + ^ (aoj^'o H h am,jOm)dBj 

= eodT + SidSi + • • • + e^dB^. 

Combining these two formulas, we conclude that SQiV) (resp. IQiV)) for dj+ is the same as that 
for i9j+. Hence, the refined Artin (resp. Swan) conductors are well-defined. □ 

Lemma 2.3.6. Let k' /k be a tamely ramified extension of ramification degree e = ef^z/f^ and let p be a 
p-adic representation ofGk with finite local monodromy which has pure log-break b = 6iog(/o). Hence, 
pIg^, has pure log-break eb. Then, upon identifying Q,Q^{log) (8>Oj. t^J^^k with ,(log) ^0^1 '^k^^^> 
we have Tsw{p) = j:sw{p\g^,). We will sometimes identify them later on. 

Proof. This follows immediately from the fact that Sp\Q ^ is just the base change of £p along 
^K'iv^^'^j 1) A^,[r], 1) where the coordinate for the first annulus is t^^^. □ 

Theorem 2.3.7. Let k be a complete discretely valued field of equal characteristic p > 0. 

(a) Let p be a p-adic representation of with finite local monodromy which has pure log-break 
b = b\og{p). Then there exists a finite tamely ramified extension k' jk of ramification degree 
e such that, we have a canonical decomposition of representations of Gy over some finite 
extension F' of F: 

p\Gy®F'= p^, 
i?Srsw(p) 

where p^ has pure refined Swan conductors -i? G 0,Q^^(}og) ®Oy '^k'^^^^ = ^o^.llog) ®Ok "^k^^- 
By Galois descent, we have a decomposition of p = ©{^}crsw(p)P{i?}? where the direct sum 
runs through all Galois conjugacy classes in isw(p), and where rsw(/3|^}) consists of only the 
Galois conjugacy class {•&} (with same multiplicity on each element). 
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(b) Choose the p-th root of unity C,p as in Remark 2. 3.4\ Then there exists an injective homo- 
morphism for b € Q>o, 

rsw : Hom(FitgGfc/Filf+ Gfc, ¥p) ^ n},, (log) tt-'^k, (2.3.8) 

such that, when viewing the left hand side as a subset o/ Hom(Fil|'QgGfc/Fil|'^Gfe, Qp(Cp)) via 
the identification 1 € Fp with (p € Qp(Cp) for Cp in Remark \2. 3.4\ we have, for any p-adic 
representation p of with finite local monodromy and pure log-break b, the images of the 
summands o/plp^b under rsw are exactly the refined Swan conductors of p. Moreover, the 
homomorphism (j2.3.8p does not depend on the choice of the Dwork pi. 

Proof. For both (a) and (b), we may assume that Hypothesis 12.1.9] since only finitely many elements 
in a p-basis matter. 

(a) Using the identification Lemma [2.3.6l we may first replace k and Frac(C') by a tamely ram- 
ified extension of k and a finite extension of Frac(O) so that the decomposition in Theorem 11.5.121 
of £p can be realized on 7^"^*, and Fg C k^. Since the decomposition is canonical, it is a decompo- 
sition for (0, V)-modules. By the slope filtration [Ked07l Theorem 3.4.6], the Frobenius action on 
each direct summand of 8 is of unit-root, yielding the decomposition of the representation by the 
equivalence of categories in Theorem 12.1.71 

(b) We first recall the following corollary of Proposition 11.3.191 

(i) For any p-adic representations p and p' of with finite local monodromy, pure log-break b, 
and pure refined Swan conductor i?, p p'^ has smaller log-break. 

(ii) For any p-adic representations p and p' of G^ with finite local monodromy, pure log-break 
b = b', and pure refined Swan conductor -d ^ -d' , respectively, p ® p'^ has pure log-break 6, 
and pure refined Swan conductor d — . 

We also need an easy fact about Galois representations. 

(iii) For any homomorphism x ■ FilfogGfc/Filj'^Gfc — >■ Fp, there is a representation py. of Gk' of 
finite local monodromy, pure log-break eb, and pure refined Swan conductor, where k' is some 
finite tamely ramified extension of k of ramification degree e. 



Proof: By the chosen p-th root of unity (identifying 1 with (^p in Remark I2.3.4P , a homomorphism 
X '■ Fil('QgGfc/Fil|'^Gfc — )• Fp can be identified with a p-adic representation with coefficients in Qp{Cp), 

which we still denote by x- Since Gk/Fil'^^^Gk is a pro-finite group, there exists a normal subgroup 
H of Gk of finite index containing Filj'^Gfc, such that x factors through / = Fil^'^gGfe/i/ fl Fil^'^gG^. 

G / H 

Let p' = Ind^ x be the induction of x to a p-adic representation of Gk, for which, p'lpiii'Gj. 
contains x as a direct summand. Then the desired representation py. can be recovered from the 
decomposition of this direct summand using (a) . 

We then define rsw to be the morphism sending x to the (unique) refined Swan conductor of 
Py, which is an element of ^Iq ,(log) 'S)Of., '^k'^^^ ~ ^e)fe(^°s) '^o^ '^k^'^^ the identification in 
Lemma 12.3.61 

It is well-defined by (iv) below and its injectivity follows from (v). 

(iv) For any two representations p^ and satisfying (iii), they must have the same refined Swan 
conductor. 
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This is because p-^ ® P'x^'^y trivial on Filf^gG^/ and hence have ramification break strictly smaller 
than eh. If p^ and p'y. had different (pure) refined Swan conductor, by (ii), p^ P'x^^y '^o^ld have 
pure log-break e6, which is a contradiction. This yields (iv). 

(v) For two homomorphisms X x' '■ Filj'ogGfc/Fil|'^^Gfe — >■ Fp, we obtain p^ and py^i satisfying 
the condition in (iii). Then p~^ and p-^i have different refined Swan conductor. 

Indeed, if x 7^ x', Px ® Px' is not trivial on FitgCfc/Filf+G^ = Filf^GfcVFilf^+Gfc,. If p^ and 
Py^i had same pure refined Swan conductor, then by (i), p^ ® p-^ would pure log-break strictly less 
than eh. This is a contradiction and hence (v) is proved. 

Now, we discuss the independence on Dwork pi. If we choose another Dwork pi, we would need 
to use another primitive p-th root of unity On one hand, the refined Swan conductor is multiplied 

by ^7:^ = i mod (Cp— !)• On the other hand, thep-adic representation FilJ'QgGfc/Filj'^Gfc Qp(Cp)^ 

becomes x^ . Hence, we need to take p®'^ as our p-adic representation of G^/; it has refined Swan 
conductor rsw(/9*) = i ■ rsw(p), which is the same as the refined Swan conductor of p computed 
using the old Dwork pi. □ 

Remark 2.3.9. It is interesting to point out that the choice of a Dwork pi is related to the choice 
of the Artin-Scheier £-adic sheaf in [Sai09j : they both amount to choosing a primitive p-th root 
of unity. The difference is that we consider it as an element in Qp whereas Saito viewed it as an 
element in Q;. 

Proposition 2.3.10. Let k be a complete discretely valued field of equal characteristic p > 0. Then 
for b € Q>o, the conjugation action of Fil^^^Gk/Fili^^Gk on Fil['QgGfc/Fil|'^Gfc is trivial. In other 
words, FitgGfc/Filf+Gfc lies m the center 0/ FilO+Gfc/Filf+G,,. 

Proof. This proposition is proved in [AS031 Theorem 1]. We hereby give an alternative proof using 
differential modules. 

It suffices to show that for a p-adic representation p of G^ with finite local monodromy which 
has pure (differential) log-break h, if it is absolutely irreducible under any tamely ramified extension, 
then pipjjb Gk/Fii''^Gk i^ ^ direct sum of a single character x '■ FilfogGfc/Filj'^Gfc . This is 

equivalent to showing that the action of Fil^'^gG^ on p ® p^ is trivial, and hence to showing that 
p® p^ has smaller log-break. 

Since only finitely many elements in a lifted p-basis can be dominant in £p, we may assume 
Hypothesis 1 2 . 1 . 9l By Theorem 1 2 . 3 . ?( a) . such condition implies that p must have pure refined Swan 
conductor and hence p® p"^ must have smaller log-break. □ 



Proposition 2.3.11. Keep the notation as in Proposition 2.2. 14\ Then the refined Swan conductor 
homomorphism rsw^ for k factors as 

Hom(FitgGfc/Filf+gGfc,Fp) ^ Hom(Fii;4/'='G^/Fii;4/^''^G^, F^) '-^ nh,M vrf '/^^a.,- 

(2.3.12) 

Proof. Keep the notation as in Proposition 12. 2. HI let be the completion of K'{U) with respect 
to the r/i/^ Let % e (0, 1) be such that IR{Sp®F'^) = rf" for 77 G [770, 1). Then (12.2. 15|) implies that. 
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for any r/ G 1) H and for any j G {0, . . . , m + 1} such that IRgj {f*£p ^ F^) = IR{£p (g) F^), 
we have 

' Ga^(^®F^) jG J, 

< eXC/^-iGao(f' F^) j = and hence p f e, 
. C/^ea,„^,(^®F^) j = m + l. 

Here, we used Theorem II .4. 191 to compute the refined radii. The proposition follows. □ 



One may want to prove analogs of Theorem 12.3.71 and Proposition 12.3.101 for refined Artin 
conductors. This however needs to take a bit more effort because there may not be a representation 
of Gk with pure refined Artin conductor. Instead, we reduce to the classical case, where the results 
for refined Artin conductors follows from those for refined Swan conductors. 

Theorem 2.3.13. Let k be a complete discretely valued field of equal characteristic p> 0. 



(a) Choose the p-th root of unity C,p as in Remark 2. 3.4\ Then there exists an injective homo- 
morphism for b G Q>i, 

rar : Hom(Fil''Gfc/Fil^+Gfc, Fp) ^ n^,^ vt^^k, (2.3.14) 

such that, when viewing the left hand side as a subset o/ Hom(Fil*Gfc/Fil*^Gfc, Qp(Cp)) via 
the identification 1 G Fp with Cp G Qp(Cp) f^f Cp Remark \2.3.4\ we have, for any p- 

adic representation p of Gk with finite local monodromy and pure break b, the image of the 
summands of plp-^ibQ^ under rar is exactly the refined Artin conductor of p. Moreover, this 
homomorphism does not depend on the choice of the Dwork pi. 

(b) For b G Q>i, the conjugation action o/Fil"'^^Gfc/Fil''Gfc on Fil^GA;/Fil^'''Gfc is trivial. In other 
words, Fil^Gfc/Fil^+Gfc lies in the center o/ Fili+Gfc/Fil''+Gfc. 

Proof. For (a) and (b), we may assume Hypothesis 12.1.91 because only finitely many elements 
in p-basis matter. Moreover, we assume that J is not empty because otherwise we are in the 
classical case, and both (a) and (b) follow from their log-version counterpart: Theorem 12.3.71 and 
Proposition 12.3.101 respectively. 

Let p he a representation of Gk with finite local monodromy and of pure nonlog-break b. We 
perform a base change similar to the one in Lemma 12. 2. "91 Let /c' be the completion of /c(xi, • • • , ^m) 
with respect to the (1, . . . , 1)-Gauss norm and let k be the completion of A;'((6j+Xj7rfc)-^/P", ; n G 
N;j G J), equipped with the uniformizer tt^ = vr^. It is in fact a complete discrete valuation field 

with perfect residue field. Let p be the representation G^ ^ Gk GLiVp). Let K" denote 
the completion of K'{Xj) with respect to the (1, . . . , 1)-Gauss norm, where Xj is a lift of xj 

for j G J. Let K denote the completion of K"{{Bj + XjT^/p" , Xy'^" ;n G N,j G J). Let 
/ : A^~[r]Q,l) A\^,[r]Q,l) denote the natural morphism. Then f*£p is the differential module 

associated to p. Let d denote the differential operators on f*£p dual to the basis dT. Similarly to 
(j2.2.10ll . we have 

d = do — Xidi — • • • — Xmdm- 
If we let F^i denote the completion of K(T) with respect to the ry-Gauss norm, we have 

jeJ+ 
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Hence, p has pure nonlog-break h and, by Theorem 1 1.4. 191 its refined Artin conductor is 

rar(/5) = {(6'o - Xidi Xm0ra)dT^k\Oi]d'Kk + Oidbi H h Oradbm G rar(p)}. 

As a consequence, we have the following commutative diagram. 

Rep(Gfc) 17^^ (g)ci^ -K^^K 

dhji-^—XjdTTk 
R'ep(G^) ^ TT^^K^^igd-Kk 

This also implies that the natural homomorphism Fil''G^/Fil'''^G^ Fil*Gfc/Fil''^Gfc is surjective. 
Therefore, it suffices to prove (a) and (b) for G^, which we have already known. □ 

2.4 Multi-indexed ramification filtrations for higher local fields 

When k has multi-indexed valuation, the refined Artin and Swan conductors give a more refined 
filtration on the Galois group G^. We restrict ourselves to the equal characteristic p > case. 

Definition 2.4.1. We say that a complete discretely valued field k of characteristic p > is an 
(m + 1)- dimensional local field if there is a chain of fields k = km+i, km, ■ ■ ■ ,ko, where ki^i is a 
complete discretely valued field with residue field ki for i = 0, . . . , m. Contrary to most literature, 
we do not assume that k^ is a perfect field. Let {bj}ji=j be a set of lifts of a p-basis of /cq to Ok- 

An (m + l)-tuple of elements to, . . . ,tm & k is called a system of local parameters of A; if t j G Ok 
is a lift of a uniformizer of km+i-i all the way up to k. Such a choice gives a (non-canonical) 
isomorphism k ~ A:o((tm))((' ■ ■ ))((*o))- In this case, we have 

^0,,(log) = 00fc'7^®0(^fc'-^> n'o^,=^Ok'dti®^Ok'db,. 
i=o * ieJ i=o jeJ 

Equip Q™'+^ with the lexicographic order: i = (ii, . . . , im+i) < 3 = (ji, ■ ■ ■ yjm+i) if and only if 

ii < juii+i = ji+i, ... , im+i = jm+i for some I <m + l. 

For a G Q, we also use Qya^ to denote the subset of consisting of i = (ii, . . . ,im+i) such 

that im+i > o- 

Given a system of local parameters, we define a multi-indexed valuation to be v = {vi, . . . , Vm+i) '■ 
A;^ — )• c Q^~^^, where Vm+i = 'Wfem+i and recursively we have, downwards from i = m + 1 to 

i = 1, that Vi-i{a) = Vfc^_-^(Qi_i) with Oj-i equal to the residue of ajt^^^*^'] in ki-i. Note that the 
definition of v depends on the choice of local parameters to, . . . ,tm. 

Definition 2.4.2. For A = YA=Q^idti + Y^j^j fijdbj G il^^ k, define 

Vniog(A) = min{v(Qo),...,v(am),v(/3j);j G J}. 
It naturally gives rise to a valuation on il^ (K>0j. tQ*™''''^^. 
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For A = E:io«^f + EjejI^JTT e ®o, k, define 

viog(A) = mm{v(Qo),...,v(am),v(/3j);j G J}. 

It naturally gives rise to a valuation on il^^ (log) t^ '^^^^'n. 

For i = {ii, . . . € Q>i^^, we define Fil'G^ to be the inverse image along the homomor- 

phism 

FiP^+iGfc ^ FiP'"+iGfc/FiP-+i+Gfc ^ t'^^^+^K 

of the elements whose image under — v^iog is greater than or equal to i. 

For i = (ii, . . . , im+i) £ Q^o""^, we define FilJ^gG^ to be the inverse image along the homomor- 
phism 

FilJoT'^^- ^ Fii;-+^Gfc/Fii;-+^+Gfc ^ J^^,(log) to*-+^K 
of the elements whose image under — viog is greater than or equal to i. 

Remark 2.4.3. The ramification filtration does not depend on the choice of local parameters, but 
the indexing does. 

Let Ok = {x G K\v[x) > (0, . . . ,0)}. It might be more natural to index the above filtrations 
by "rational powers of fraction ideals of i^" of the form J^/", where / is an 0;^-submodules of K 
containing Ok, n is an integer, and is equivalent to if = as Oi^-submodules of K. 

Remark 2.4.4. When ko is a finite field, this filtration is expected to be compatible with an easily 
defined filtration on the Milnor i^-groups via the class field theory for higher local fields. This may 
be verified by the comparison with Kato's refined Swan conductor, through Saito's definition by 
Theorem 13.4.11 proved later and |AS09l Theorem 9.1.1]. For more along this line, the reader may 
refer to the recipe in Kato's masterpiece |Kat89] . 

3 Comparison with Saito's definition 

In this section, we compare our definition with the one given by Saito in |Sai09j . Since the readers 
who are only interested in one side of the picture may use this result (Theorem 13.4. ip as a black 
box, we present the proof, assuming that the readers are familiar with the definition of arithmetic 
ramification filtrations (see e.g, |Sai091 Section 1] and [Xiall] ). However, this comparison has its 
own interest. The Abbes-Saito spaces which define the ramification filtrations are rigid analytic 
spaces over k. Saito's definition essentially made use of the special fibers (over kj-) of their stable 
models, while our definition via differential modules, by contrast, needs to lift the Abbes-Saito 
spaces to rigid spaces over an annulus (over K). So, we will see three different levels (over kk, k, 
and K) together in this section. The crucial calculation is done in Subsection 13.31 and it provides 
an example where we can compute the refined radii explicitly. 

Since Saito's definition of refined Swan conductor is of geometric nature, we will restrict our- 
selves with the geometric case. For a story of linking Abbes-Saito spaces and its lifts in the general 
case, one is recommended to read [Xiall| . 

We assume p > is a prime number throughout this section. 
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3.1 Review of Saito's definition 

In this subsection, we review the definition of ramification filtrations and the refined Swan con- 
ductors, defined by Abbes and Saito in |AS021 IAS031 ISai09j . Instead of introducing the general 
construction, we will focus on a special case which is used in the comparison theorem. For more 
details and a complete treatment, one may consult [Sai09j . 

We continue to use the notation from the previous section. Let I be a finite Galois extension 
of A;. 

Construction 3.1.1. We consider a closed immersion SpecO; P into a smooth (affine) scheme 
P over SpecOfc. Let X = Ker {Op Oi). 

Let r = a/b e Q>o with a,b > 0. Let P^[^^ ^ P he the blowup at the ideal + m^Op and 
let P.^"/^^ C pL"/^' be the complement of the support of {I^OMb] +mlO Mb])/mlO ^t]- Let P.^^ 

'-^k '^k '^k 

be the normalization of Pq^^^; it does not depend on a and b but only their ratio. Let pjf^ and 
Pi*^^ denote the generic fiber and the special fiber of Pq \ respectively. Let Pjf^ denote the generic 

(r) (r) 

fiber of completing Pi, along P^ . The immersion Spec O; — >■ P is uniquely lifted to an immersion 

^k 

SpecOi^P^g. 

By the finiteness theorem of Grauert-Remmert cited in |AS03t THEOREM 1.10], there exists 
a finite separable extension k' /k of ramification degree e = e^i^k such that the normalization Pq^^ 

(r) (r) 

of Pq^ xq^ Ok' has reduced geometric fibers over SpecOfc', which we call a stable model of P^^^- 
We put P^^^ = Pq^^ i^] it is called the stable special fiber of P^^ and it does not depend on 
the choice of k' . 

We defer the discussion of the properties of this construction later when we have a concrete 
example at hand. 

For the rest of this section, we assume the following geometric assumption. 

Hypothesis 3.1.2 (Geom). There exists an affine smooth variety X over ko and an irreducible 
divisor D smooth over ko with generic point ^ such that O^ — C^^, where the latter is the 
completion of the local ring at ^. In particular. Hypothesis 12 . 1 . 9) is fulfilled. 

Remark 3.1.3. This Hypothesis (Geom) is essentially the same as the hypothesis (Geom) in |Sai09[ 
P. 786], except that our k is the completion of the Henselian local field considered in Saito's paper. 

Construction 3.1.4. After replacing X (and hence D) by an etale neighborhood of if necessary, 
there exists a finite flat morphism f : Y ^ X oi smooth schemes over ko such that V = Y XxU — >■ 
U = X\D is finite etale with Galois group Gi/^ and that Y Xx SpecO^^ = SpecO;. 

Let {X X Xy be the blowup of X x^^X along {X x D)U{Dx X), and let {X x X)~ denote 
the complement of the proper transforms of X x^g D and D x^^ X in {X x X)' . The diagonal 
embedding Ax : X X x^^X naturally lifts to an embedding Ax : X — > {X x X)~. Now, we pull 
back the picture along f -.Y X and obtain the following commutative diagram, where (Y x X)~ 
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is the fiber product of the big square and all parallelograms are Cartesian. 



(Y X x)^ {X X xy 



(3.1.5) 




We base change this commutative diagram over to SpecO^^ = SpecOfc along p2, as follows. 



Let P = {X X Xy 



obtain the following commutative diagram. 



,x SpecO^^^ and Q = {Y y, X)^ 'Xp20TTxo{fxi),x SpecO^^^. We then 



Spec Oi Q 



Spec Ok ^P 



/xl 

P2 



(3.1.6) 



Spec Ok 



Let I denote the ideal of the immersion Ax • We will view P and Q as a scheme over Ok via p2 ■ 
Now, we can apply Construction 13.1.11 to the embeddings Ax and Ay to define -P^T^ , Pkf^^ , 

,(er) p(er) , ^(er) ^(er) ^(er) 



P^r\ Pr' and Q^,T^ g^^ Qt\ respectively, where k'/k is a finite separable extension 



of ramification degree e. We still use pi to denote the morphism P, 



(er) 



Pi. 



SpecOfc. By 



functoriality of Construction [3TLT| we have a morphism f^^^ : Q 



(er) 



P 



(er) 



Remark 3.1.7. The field extension k' serves as the role of a "coefficient field". Its only use is to 
provide a reasonable integral structure over Ok', and, in particular, to make er an integer. We can 
make k' as large as we need. The reason we need k'/k to be separable is that we need to lift this 
change of scalar to characteristic zero, as extensions of TZ^^- 

In contrast, the extension l/k pulled back from pi encodes the arithmetic information. 

We collect some properties of these spaces. 

Proposition 3.1.8. Keep the notation as above. Let k'/k be a finite separable extension of rami- 
fication degree e. 

(1) When er is an integer, the space Pq^ defined by X]j>o '^fc'*^'' ' ^ '^Ok ^' ■ Hence, it 
is smooth over Ok', and its closed fiber P!fJ^ can be canonically identified with the Kk' -vector 

space (log) Tr^,^^^^/. The rigid space -P^f^"* is isomorphic to Sp(A;'(7r^,'^''~'^(5o, vr^/^^(^j)) , 
where 5o, ... ,6m form a dual basis of ^q^, ■ 
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(2) For the generic fiber, we have Q^^J^ = -f^f^^ ®pi,k I- If^ particular, Q^T^ is finite and etale 
over Pjlf^^ with Galois group Gi/j^, and the same is true for Q^T"* over -P^f"^- 

(3) Let SpfOgA be the completion of Q along SpecO;. If er is an integer, Q^^J"^ is the affinoid 
variety X-^^J^Oq/^ — > Oi)^' defined in M6'03l Section 4-2] for j = r. 

(r) 

(4) // the highest log ramification break b\og{l/k) < r, then Q), is an element in the category 
(FE/P|''^)^'e, defined later in Definition\MM 

(5) The log ramification break b\og{l/k) < r if and only if the number of connected components of 
qP is [l:k]. 

Proof. For (1), see |Sai09l Lemma 1.10]. (2) follows from the fact that / : ^ f7 is finite and 
etale of Galois group G//^. For (3), see |Sai091 Example 1.21]. (4) and (5) follow from |Sai09t 
Lemma 1.13 and Theorem 1.24]. □ 

Definition 3.1.9. For an K-vector space W of finite dimension, let (F'E/W)'^^^ be the full subcat- 
egory of (FE/VF) whose objects are finite etale morphisms g : Z W such that there exists a 
structure of algebraic group scheme on Z and that 5 is a morphism of algebraic groups. 

Remark 3.1.10. By the argument just before [Sai09[ Lemma 1.23], the category (FFj/W)^^^ is a 
Galois category associated to the Galois group 7rl^^{W), which is to a quotient of the fundamen- 
tal group 7ri(VF). The group can be identified with the Pontrjagin dual of the extension group 
Ext^(VF, Fp) in the category of smooth algebraic groups over R. The map = HomK(W,K) — > 
Ext^ {W, ¥p) sending a linear form f :W ^ to the pullback along / of the Artin-Scheier sequence 

is an isomorphism. 

Proposition 3.1.11. We have a surjective homomorphism n'^^^^P^^^) Fili^^Gk/Fil^^^Gk; it in- 
duces an injective homomorphism 



rsw' : Hom(FitgGfc/Filf+Gfc,Fp) n},^{log) 



vr. K. 



Proof. For first half of the proposition, see [Sai091 Theorem 1.24]. The second half follows from 
Remark EXini □ 

In the following particular case, we give a more detailed study of these spaces. 

Situation 3.1.12. Let l/k be a finite totally ramified Galois extension, which is not tamely ram- 
ified. Assume that the highest log ramification break b = b\og{l/k) € N. Assume moreover that 
Filf^"g^GA;/(Fil|'^^GfcnG/) = Fp; in particular, the second highest log-break bi^gil/k, 2) < 6iog(//A:)-l. 

By Proposition IS.l.lT] Q^^ consists of [/ : k]/p copies of a same Artin-Scheier cover of Pi^\ if we 
forget about the structure of algebraic group. Assume that this cover is given by 

zP-z+ (aoVTfc ^-iJo + aivr^^<5i + • • • + a^vr^ = 0, (3.1.13) 

where the coordinates of P^''^ is given by 7r^*~^5oi '^k^^J^ ^iid aj+ € R. The elements ao, • • • , am are 
determined up to multiplication by i € F^ , in accordance with the choice of z up to multiplication 
by the same i G F^ . 
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Let k' /k be a finite separable extension of ramification degree e > 1, such that Q^o^ is a stable 
model. By possibly enlarge k' , we may assume that aj+ G k^i and Q^ny consists of [/ : k]/p copies 
of above Artin-Scheier cover of Plt^) ■ 

Lemma 3.1.14. The space Q^Oy ^ • c.opies of a same space R^Oy' ^^Oy denote the 
completion of R^y ^^^''^9 ^^■^ special fiber and let R^^,^^ denote the generic fiber, viewed as a rigid 
analytic space. Also, Q^^,^ is [I : k]/p copies of a same space R^^!' ^\ which is etale over pj^j^ ^\ 

Proof. The connected components of Q^ny gives rise to the connected components of Qq^]', they 
are isomorphic because of the action by Galois group G^/^. 

Since the second log-ramification break h\o^{l/k;2) < b\o^{l/k) — 1, by [!AS021 Remark 3.13], 

the number of connected components of Q^^!* is [I : k]/p. Hence, each connected component of 

Q^^i^ is the normal closure of pj^f^ in R^^,^\ which is R^j^,^ as stated in the lemma. □ 

Proposition 3.1.15. Let aj+ C O^' lift aj+ C k^'. We can choose a lift z of z in Roy' such that 



its minimal polynomial over P^^j = Spf O^/ (vr^,^^ ^5q,t:^,^^5j) 



IS 



zP-z+ {a^-K-r^-^do + ai^-r^5i + ■■■ + am-K^r^^m) = 0, (3.1.16) 

The element z generates R^q] over Pq^\ Also, z extends to a section over R^^!' and it generates 
R^'KverP^'K 

Proof. We first pick any lift z' of z over R^^\ it must satisfy an equation of the form z'^ + aiz'^~^ + 
• • • + Op = 0, where ai, . . . , Op € Ok'{T^Zi'^^~^5Q,T:7,^^5j) and the reduction of this equation is exactly 



(j3.1.13p . For the given aj+ C Ofc', we have 



z'^ -z' + [ao-Ky^^ ^5o + aiTr^,^''6i + ■■■ + amT^y^^Sm) G i^t'O 



(eb) 



Now, z = z' + e + + + • • • converges and satisfies ()3.1.16p . 



Since z generates a subalgebra of O-ttv , which is finite and etale over O-ttt of the same degree 



p, this subalgebra has to equal to O- 



(eb) ■ 

°y 



For the similar statement for e6 — 1, we argue as follows. Since R^j^,^ is finite and etale over 

pj^f^ ^\ it must be the normal closure of P^f^ in R^^,^"^ ■ In particular, z extends to a section over 

R^k^~^\ with the same minimal equation (j3.1.16p . Again, z generates a subalgebra of O tttii! 

which is finite and etale over O -j^^^-^^^ of same degree; it has to generate the whole ring. The 

^y 

proposition is proved. □ 
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3.2 Lifting rigid spaces 

In order to compare Saito's definition of refined Swan conductors with the definition using differen- 
tial modules, we need to lift the picture from k to the annulus 1). This is the essential part 
of the construction of rigid cohomology of Berthelot. We will also relate some structure between 
the spaces over k and their lifts over 1), following [XialU Section 3.1]. 
Keep the notation as in previous subsection. 

Construction 3.2.1. Replacing X by a Zariski neighborhood of ^ if necessary, there exists a finite 
morphism f : Y ^ X between two affine smooth formal schemes of topologically finite type over 
Okq, such that f reduces to / modulo p and f is finite etale over Y\/^^(D) — t- X\D with Galois 
group In particular, this says that the special fibers of X and Y are X and Y, respectively. 

Let kx : X — )• X Xspfo^^^ X be the diagonal embedding. Let Ay : Y ^ Y xgpf^^^ X be the 
morphism induced by identity and f on both factors, respectively. Let pi and p2 be the projection 
of X xgpfo^^ X to the first and the second factors, respectively. 

Let X'^ denote the completion of X Xgpf^^^,^ X along the diagonal embedding Ax', it can be 
identified with the completion of the cotangent bundle of X along its zero section. Let Y^ = 

f^Pi.x Y; it is the same as the completion of Y xspfOK^ along the embedding Ay. 

For r] G (0, 1), we write T?.^*^ for the subring of TZ^ consisting of elements having 1-Gauss norm 
< 1; it is complete with respect to the ??'-Gauss norm for rj' € [r], 1]. On one hand, this ring does not 
give rise to a formal scheme; on the other, it is good to keep to keep the geometric intuition. Hence, 
we introduce the geometric incarnation SpT^'^*^, which is just a symbol. Any morphism between 
geometric incarnations should be thought of ring homomorphisms; in particular, fiber product is 
simply (completed) tensor products. We also remark that everything we deal with now are affine 
schemes and there is no question of gluing. 

We may compare the following commutative diagram with (j3.1.5p . 




(3.2.2) 



Sp7^'"* 



K,ri 



where i : SpT^'^* 



X is the geometric incarnation of the natural homomorphism ^ 



K,ri-> 



for some rj ^ {^,1) r\p^ . We have SpT^'^*^^^ 



Denote 



Sp7^'°* l/e , 



for ri sufficiently close to 1 



X^ 



^P2 



x,i SpUf' and = Y' 



^P2o(f Xl),X, 



Again, and Q,; should be thought of as geometric incarnations of Op^ and Oq^ , the completed 
tensor product of corresponding ring of functions. Therefore, we have the following Cartesian 
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diagram 



f 

SpTZ] 



Ay 



Ax 



Qr, 

fxl 



(3.2.3) 



>int 

— > Sp(7^'^*^) is given by a continuous homomorphism 
T^tvl^o/T, 6i,..., 5^1 for which ^{T) = T + So, ^{Bj) = + 6j for j G J. More 
precisely, for x G T^^K-q' have 



Lemma 3.2.4. The morphism, pi 



ip{x) 



+00 B^J+(r) 



Proof. The first statement follows from the description of above and the second statement 



follows by the uniqueness of such homomorphism. 



□ 



Construction 3.2.5. Let k' /k be a finite separable extension of ramification degree e. Since 7?.^* 
is Henselian, there exists 7^^*, corresponding to the extension k'/k, where K' is the fraction field 
of a Cohen ring of Kk'- For rj sufficiently close to the extension TZ^^i/Ti}^ descends to a finite 
etale algebra 7?.^* ^^/^ over TV^r)- -^^^ an ry. Let T' denote the coordinate of TV^, ^^/^. 

Let r G N (be a proxy of eh or eh - 1). Let pjj) ,^ = Sp(7^^* i/,(r'-'-^(5o,T'-^(5j)) be the 
geometric incarnation of a closed polydisc over SpT^^* ^^/^ ; it may be viewed as a subspace of (in 

the sense of geometric incarnation) . Let Q^) ^ be preimage (in the sense of geometric incarnation) 



(r) 

of P jv-, „ under the morphism Q„ 



^Pr,. 



Proposition 3.2.6. Let p be a p-adic representation of Gi/^. Let Tp = ((f x 1)*Oq^ (8) V^) 



G 



!/fe 



he the differential module over P^ and for r G N, let T^p\i = ((f x 1)^0 (r) ® Fp)^''"' he the 



^G, 



Q 



differential module over P^) ^. Then Tp and J^p }^/ are the pullbacks of £p along pi : P^ — )• SpT^^*^ 
and pi : P^) 



SpT^^ , respectively. 



Proof. This follows from the following G;/fe-equivariant Cartesian diagram of geometric incarnated 
morphisms. 



fxl 



,(0 

K',v 



,Q^^Sp7^f^,/ 



fxl 



pi 



f 

int 



□ 



Corollary 3.2.7. For a G Q<5 and rj G (0,1) Dp"^, let F^j^a denote the completion of K{T,5j+) 
with respect to the {ri,ri°-^^ ,ri"-, ... ,ri"-)- Gauss norm and let F^^^ = F^^a ®n^^^ '^^k' ri^/-^' ^^^^^^^ 

that p has pure log-break b and pure refined Swan conductor = Trr^fao^ + "i^ -I l-"mTr^); 
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as 



where Qj+ € k. Then, if r < ea < eb and r] is sufficiently dose to 1 , Tp'^ F^^^ = Tj^^j^, (S) F^^^ 
a d / 86 j+ -differential module has pure intrinsic radius rf' and pure refined intrinsic radius 

m-h - ddo _ dSi _ dSm 

T (ao— + H + am— — ). 

1 Hi Urn 

Proof. By Lemma 13.2.41 and Proposition 13.2.61 J-^h, is the pullback of along the multidimen- 
sional analog of generic point homomorphism as in Corollary 11.4.201 However, the calculation of 
refined c?j-radii can be computed independently for each of dj. Hence, the statement follows from 
Corollary I1.4.2UI □ 

Before proceeding, we briefly recall the lifting construction in [Xialli Section 1], which lifts a 
rigid analytic space over k^/ to a rigid analytic space over 

^K' [^7^^^ 1) for r/ e n (0, 1) sufficiently 

close to 1~. 

Construction 3.2.8. Let Z he a rigid analytic space over k' with ring of analytic functions Af^i = 
k'{ui, . . . ,Us)/Ik'- Let Ix' C Ok'{ui, . . . ,Us)((T')) be an ideal so that Ok'{ui, . . . ,Us){{T'))/Ix' is 
flat over Ok' and Ik' ®Ojf, k' = Ik'- We call = Spf (7^'^* ^(ui, . . . , Us)/Ik') a lifting space of X. 
Proposition 3.2.9. Let r G N. 

(i) The space Q^) ''■^ lifting space of Q^y . 

(ii) Assume moreover that Q^^, is a stable model and r = eb or eb — 1. Then for rj sufficiently 
close to 1^ , Qj^/ ^ has \l : k]/p connected components, each of them is isomorphic to a formal 

[r] , (r) 

scheme R]^, ^ finite and etale over P]^, ^ of degree p. 

(iii) Fix a Dwork pi tt = (— and fix ctj+ C '^'^*(-^-) ^i/e ^''■ft^ of aj+ . By making rj closer 

to 1 if needed, we may choose a lift "l of z on R]^,^^^ ^ whose minimal polynomial over P)^, ^ 
is of the form 

— ((1 + TTzf - 1 - pTricxoT'-^'-'do + cxiT'-'' + ■■■ + a^T'"^^)) = 0. (3.2.10) 



PTV 

Proof. The first statement follows from the construction. The second statement follows from |XialH 
Proposition 1.2.11]; the fact that they are all isomorphic to the same R^)^^^ n ^ corollary of (iii), 
proved below. 

(r) 

Now, we prove the last statement. We pick a lift zi of z over R]^,^^^ ^ whose minimal polynomial 
reduces to (]3.1.16p modulo tt. (Note that K is absolutely unramified.) We define the following 
substitution process. Assume that we have defined z,. We define 

A, = — ((1 + TTZif - 1 - pTTiaoT'-^'-'do + aiT'-'" + ■■■ + amT'-'"] 

piT \ 

and set Zj+i = Zi — \i. Hence, 

Ai+l = — ((1 + TVZi - TvXiJP - (1 + TVZif + P7V\ 
piT V 

= (1 - (1 + TTZ,)^-^) A, + + 7VZ,r-^{-7v\r + (-1)^-' Af. 

n=2 ^""^ 
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Since |Ai|i < p ^/^^ by continuity, |Ai|^ < 1 for r/ G [ryo, 1] for some r/o sufficiently close to 1 . 
Thus, 

|Ai+i|^ < max{p-^/(P^i)[Ail^,|Ai|P} for r/ G [%,!). 

As a consequence, this substitution process converges with respect to all ry-Gauss norms for r/ G 
[t^o, !]• The limit z = limj_j.-(_oo Zj satisfies (j3.2.10p . By the same argument as in Proposition 13. 1 . 151 

(r) (r) _ 

the limit z generates R]^,^^^ ^ over P)^/^^-) ^ when is sufficiently close to 1~. □ 
3.3 Dwork isocrystals 

In this subsection, we single out a calculation of refined radii. This is the heart of the comparison 
Theorem 13.4.11 We state it in a slightly general form to reduce some load of the notation; also, we 
think it has its own interest in the study of differential modules. 

Hypothesis 3.3.1. Only in this subsection, let K he a complete discretely valued field of charac- 
teristic zero, containing tt. Let k denote its residue field, which has characteristic p > 0. 

Situation 3.3.2. Let P = Spf Te^^*^ ((5o , . . ■,6m), where T is the coordinate of i?^*^. Let R be a 
finite extension of P generated by z satisfying the relation 

(1 + 7vz)P = 1 + pirT-'icxoSo + ■■■ + a^Sm), 

where r G N and cxj G '^7^*^ for j = 1, . . . ,m. Let Oj G k be the reduction of otj for any j. We 
assume that not all aj is zero. Let / : R ^ P be the natural morphism, which is finite and etale. 

Construction 3.3.3. We reproduce a multi-dimensional version of the construction in |Ked05t 
Lemma 5.4.7]. The pushforward /*Oq decomposes as the direct sum of p differential modules of 
rank 1, with respect to dj = d/d6j for j = 0, . . . , m. 

Let £i be the differential module given by (1 -|- ttz)* for i = l,...,p — 1. (The trivial submodule 
of /^Oq is not interesting to us.) 

Notation 3.3.4. For i] G (0,1), let F.^ be the completion of K(T,5o, . . . ,6m) with respect to 
(?7, 1, . . . , 1)-Gauss norm. 

Proposition 3.3.5. For rj sufficiently close to 1~ , the intrinsic radius IR{£i ® F^) = rf and the 

refined intrinsic radius of for i = 1, . . . ,p — 1 is given by 

I@{£i «) F^) = {i7rT-''{aod6o + ■■■ + amd5m)}. 

Proof Since 

djl + TTzY _ d{l + pnT-'-iaodo + ■■■ + (XmSm)) 
^ (1 + TvzY ~ ' 1 + p7rT-^{ao6o + ■■■ + am6m) ' 
Si is isomorphic to a differential module give by 

Vv = i7TT-''{l+p7TT-''{ao6o + ■■■ + )) V (g) (ctod^O H \- CXmd6m) ■ 

Fix j = 0, . . . ,m. Using the proof of [?, Lemma 5.4.7], when r] is sufficiently close to 1~ (e.g., 
r] > p^^^^), viewed as a (9j-differential module, this is the same as 

djWj = inajT^^ Wj, 

where Wj is a section of £i, dependent on j. Hence, (9"(wj) = (i7rQ!jT^''')"'wj and the proposition 
follows immediately. □ 
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3.4 Comparison 



In this subsection, we assemble the results from previous subsections to prove the following com- 
parison theorem. 

Theorem 3.4.1. Assume Hypothesis (Geom). Then for b G Q>o, the homomorphism rsw : 
Hom(Filj'ogGfc/Filj'+Gfc,Fp) f^i(log) O vt^^'k in Theorem [2.3.7\ is the same as rsw' in Propo- 
sition \3.lll[ 

Proof. Let k be as in Proposition 12. 2. HI By |Sai091 Lemma 1.22], rsw' for k factors as 

Hom(FitgGfc/Fil|'+Gfc,Fp) ^ Rom{Fil2fG~jFil[ll^''^^G-,,¥,) '-^ nh,M ^o, vrf 

The same factorization is also valid for rsw as in ()2.3.12p . Hence, we may choose e^^^ divisible by 
the denominator of b and reduce to the case when b is an integer. We also remark that, by the 
same reason, we may feel free to replace A; by a finite tamely ramified extension. 

Fix a p-th root of unity. We fix a (nontrivial) character x '■ Fil|'ogGfc/Fil|'^Gfc — )• Fp and 

denote rsw'(x) = 7r^''(ao^^ + aidbi + • • • + amdbm), where • • • ; ^ ^- By identifying 1 G F 



with G Qp(Cp)) we get a homomorphism Filj'^gGfc/Fil^tG'fc ^ Fp ^ Qp(Cp)^; we still use x to 
denote the composition. By the argument in Theorem 12.3.71 and by possibly replacing A; by a finite 
tamely ramified extension, we can find a p-adic representation p of Gk with finite image and pure 
log-break b such that plp^it is a direct sum of copies of x- Moreover, we may assume that p is 

irreducible when restricted to any finite tamely ramified extension of k' of k. The representation p 
factors exact through l/k a. finite Galois extension. It must be true that ¥\\\^^Gk/Gir\F\]!^^^Gk ~ Fp. 
By possibly making another tamely ramified extension of fc, we may assume that the second highest 
ramification break of l/k is strictly less than 6 — 1; thus, ¥i]!^~^Gk/Gi fl Fil|'^"'^Gfe ~ Fp. 

Now, we employ the results and notation from previous subsections. By Proposition 13. 2. 9^ 
^^K' -q^ is disjoint union of [I : k]/p copies of R^^^"^\ which is finite and etale over P^?^^\ generated 
by z with minimal polynomial (j3.2.10p . (Here, we made a choice of z and z in accordance with the 
algebraic group structure on Q^; see the remarks after (j3.1.13p .) By Proposition 13.3.5} this implies 
that ^f'x^®F'^ b-i/2e ri ^ 1~ has pure refined intrinsic radii 'KT~^{aQ^ + aid5i + - ■ ■+amd5m)- 
(Here, we made a choice of Dwork pi tt so that vr = (^p — 1 mod {Cp — 1)^ as in Remark 12.3.41 ) By 
Corollary 13. 2. 7} the refined Swan conductor of £p has to be 7r^*(ao^ + oeidbi + • • • + amdbm), 
same as rsw'. □ 



Remark 3.4.2. By [AS091 Theorem 9.1.1], the above two refined Swan conductors are the same 
as Kato's definition in [Kat89j . when the representation is one-dimensional. So all three definitions 
agree. This result might also be implicitly contained in |CP09| . 



4 Refined Swan conductors and variation of intrinsic radii on 
polyannuli 

In this section, we explain the relation between refined Swan conductors and the variation of 
intrinsic radii on polyannuli. 

We assume Hvpothesis 11.5.11 and keep the notation as in Section 1. We do not force p > in 
this section unless otherwise specified. We also assume that K is discretely valued. 
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4.1 Partial decomposition for differential modules 

In Subsection ll.5| we deliberately restricted ourself to the situation over open annuli. To understand 
the situation over a bounded analytic ring K{{a/t,tjQ, we need a technical lemma on partial 
decomposition of differential modules, which is not covered by |KX10| . 
We take a G (0, 1) for this subsection. 

Notation 4.1.1. We define E to be the completion of Frac(/C{{a/t, tjo) with respect to the 1- 
Gauss norm; it is also the completion of with respect to the same norm and hence does not 
depend on a. Also, E contains Fi subfield. 

If s E — log|/r^|, we can find an element x G with \x\ = e~^. This x gives rise to an 

isomorphism ke — Hence, we have a canonical valuation Vs(-) on k^'' given by 

the valuation on t; this does not depend on the choice of x G . This valuation extends naturally 
to K^ig for s G Q-loglK'^l. 

Notation 4.1.2. Let j G . For M a 5j-differential module over K{{a/t,tjQ of rank d and 
i G {1, . . . , d}, define 

/P') (M, 0) = -logi?a^ {M(g,E;i), fP{M,Q)= fi^ (M, 0) + • • • + /f^'^ (M, 0) . 
We similarly define fi{M,0) and Fi(M,0) if M is a 9j+ -differential module over K{{a/t,t^o. 

Proposition 4.1.3. Fix j G J^. Let M be a dj- (resp. dj+—) differential module of rank d over 
K{{a/t,t\o. Then we have the following. 

(a) The functions f^^\M,r) and F^'^\M,r) (resp. fi{M,r) and Fi{M,r)) are continuous at 
r = 0. 

(b) Suppose for some i G {1, . . . ,d — 1}, the function F^^\M,r) (resp. Fi{M,r)) is affine and 
f\^\M,r) > f\]^^{M,r) (resp. fi{M,r) > fi+i{M,r)) for r G [0, -loga). Then M admits 
a unique direct sum decomposition over K{{a/t,i\Q separating the first i subsidiary dj-radii 
(resp. intrinsic radii) of M ® F^^ for any rj G (0, —loga) and of M ® E. 

Proof. See [KXlOl Theorems 2.3.9, 2.5.5 and Remarks 2.3.11, 2.5.7]. □ 

Note that, as stated in (b) of the above proposition, it excludes the case when fl^\M,r) > 
f^i\{M,r) or fi{M,r) > fi+i{M,r) for r G (0, -loga) but fl'\M,Q) = f^i\{M,0) or fi{M,0) = 
/j_(_i(M, 0). The rest of this subsection is devoted to extend the conclusion of (b) to this case. 

Notation 4.1.4. Denote TZ = nae{o,i)K{{a/t, t}} and T^^'^ = nQ,g(o,i)K{{a/t, tjo, where the latter 
can be identified with the subring of the former consisting of elements with finite 1-Gauss norm. 

Hypothesis 4.1.5. For notational convenience, we suppose that \uj\ = 1 for j G J. We can 
always reduce to this case via replacing K by the completion of K{xi, . . . ,Xm) with respect to 
{\ui\, . . . , |tim|)-Gauss norm and replacing uj by Uj/xj, where dj{xji) = for G J. Note that 
K is still discretely valued. 

Lemma 4.1.6. The ring is a field. A sequence {fn)neN C A'lja/t, tjo is convergent if it is 
convergent for r- Gauss norm for all r € {a,l) and is bounded for 1-Gauss norm. 
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Proof. The first statement is well-known; see for example [KedOSl Lemma 3.5.2]. We remark that 
it is important that K being discretely valued for this to be true. To see the second statement, we 
observe that (/n)neN converges in K{{a/t,t}}. The limit has bounded coefficients and hence lies 
in K{{a/t,t}o. □ 

Lemma 4.1.7. Fix j € Let TZ^'^{T} be the ring of twisted polynomial as in Definition \1.2.1{ 

where T stands for dj if j £ J and if j = 0. Let P = T'^ + aiT'^'^ -\ ha^ G 7^^'^{T} be a monic 

twisted polynomial whose Newton polynomial has pure slope s < 1. Let {oi, . . . , Or} be the set of 
Vg-valuations of reduced roots of P (not counting multiplicity, with either increasing or decreasing 
order), when we view P as a twisted polynomial in E{T}. Then P admits a unique factorization 
P = Qi • • • Qr CLS products of monic twisted polynomials such that the reduced roots of Qi, when 
viewed as a twisted polynomial in E{T}, have pure Vg-valuations a,. 

Proof. The statement of the lemma is symmetric, we assume that ai, . . . ,a„ is an increasing se- 
quence. It then suffices to show that we can write P = QR as products of two monic polynomials 
such that the reduced roots of Q (resp. R), when viewed as a twisted polynomial in E{T}, have 
pure Vs-valuations (resp. strictly less than o„). We can also write it as P = RQ satisfying the 
same condition, but with different Q and R themselves. Indeed, by Lemma 14.1.6^ the claim follows 
from |Ked09l Proposition 3.2.2] because the sequence {Pi} and {Qi} there is bounded under the 
1-Gauss norm. □ 

Lemma 4.1.8. Fix j G J. Let M be a dj -differential module of rank d over K{{a/t, t|o such that 



bd 



we 



M E has pure intrinsic dj-radii IRdj {M <S) E) < oj. By choosing a cyclic vector of M i^TZ 
may identify M (^-R}"^ withTZ^'^{T} /T&'^{T}P , where P is a twisted polynomial in 'Ry"^{T}. Then 
for rj sufficiently close to 1", the slopes of Newton polygon of P (for the rj-Gauss norm) are the log 
of the subsidiary dj-radii of M ® minus loguj. 

Proof The identification M (g) ~ V}"^{T} /V}"^{T}P descents to 

M ® K{{fi/t, tlo ^ K{{^/t, tMT}lK{{^/t, ilo{T}P 

for /3 sufficiently close to 1~. Note that for sufficiently close to 1~, all (9j-radii oi M ® F^i are 
visible. The lemma follows from Pr op osit ion 1 1 . 2 . 51 □ 

For the following Theorem, we do not assume Hypothesis 14. 1 . 5l 

Theorem 4.1.9. Fix j G . Let M be a dj- (resp. dj+-) differential module of rank d over 
K{{a/t,t\Q such that M E has pure intrinsic dj-radii IRq.{M ^ E) < 1 (resp. intrinsic radii 

LR{M ® E) < 1). Suppose for some i G {1, . . . , d — 1}, the function F^^\m, r) (resp. Fi{M, r) ) 
is affine and f\^\M,r) > f'^^\{M,r) (resp. fi{M,r) > fi+i{M,r)) for r G (0, -logo). Then M 
admits a unique direct sum decomposition over K{{a/t, t]o separating the first i subsidiary dj-radii 
(resp. intrinsic radii) of M ^ Frj for any rj G (0, — loga). 

Proof. We first deduce the 9j-differential module case. By Theorem 11.5.4( e). it suffices to obtain 
the decomposition over K{{(3/t,t}o for (3 G (a, 1) sufficiently close to 1. 

To start, we assume that IRq.{M (8) -E) < w. By making /3 closer to 1, we may assume that 
IRdj {M0Frj) < Lo for all rj G (/?, 1) too. Also, we may impose IIvpothesis l4.1.5i Since TZ^'^ is a field, 
we can find a cyclic vector and write M(8)7^^'^ = n^'^{T}/n^'^{T}P for a monic twisted polynomial 
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P as in Lemma 14.1.71 Applying Lemma 14.1.71 to M (8> 'R^'^ with decreasing, we have can find a 
submodule of M accounting for the first i subsidiary 5j -radii oi M F^i for any rj sufficiently close 
to 1~. Applying Lemma |4 . 1 . 71 again with increasing, we find a quotient of M accounting for the 
first i subsidiary 9j-radii M F^^ for any ij sufficiently close to 1~. Therefore, we obtain a direct 
sum decomposition and the theorem is proved in this case. 

Next, we assume that p > and IRg.{M E) = p~~'^/(P~'^\ If j g J, the 9j-Probenius ip^^^'^ : 
K'^dj) _^ naturally extends to (^(^^) : K'^^^^ {{a/t,t}o K{{a/t,tjo; if j = 0, we have 99(^0) : 
K{{aP /tP,tP}o — )• K{{a/t,t}o. Then the desired decomposition follows from the decomposition of 
ifi^'^M. Note that if^^^^ipi^'^M ~ M®p. 

If p > and IRq^ {M ® E) > p-V(p-i)^ we may assume that IRq^ (M ® F^) > p-V(p-i) for ah 
r] S (/3, 1), and the decomposition follows from that of (?j-Frobenius antecedent of M. 

Finally, we show that the 3j+ -differential module case follows from the (?j -differential module 
case. By Theorem 11.5.6( e). it suffices to find the decomposition over if ijo for /3 € (a, 1) suffi- 

ciently close to 1. By Proposition 14. 1 .3l f a) and Theorem ll.5.4( a). there exists /3 such that f-''\M, r) 
is affine over [1, —log/3) if IRq^{M ®E;i) < 1. By decompositions given by Proposition 14. 1 .3l f b) and 
the current theorem for 5j, M is the direct sum of 5j+ -differential modules Mj such that M F^i 
has pure 9j-radii for all rj € (/?, 1) and all j € if IRq.{M ® E) <1. Since we already know that 
M ® E has pure intrinsic radii < 1, dj for which IRg.{M E) = 1 will not dominant in M F^i 
if r] is sufficiently close to 1, and it hence does not show up in intrinsic radii. Hence, the desired 
decomposition follows from regrouping factors of this direct sum decomposition. □ 

Remark 4.1.10. The condition IRq.{M (i^ E) < 1 is crucial. As pointed out in [KedlOl Re- 
mark 12.5.4], one may give counterexamples in the case IRq.{M ^ E) = 1 using the theory of 
crystals. However, in the presence of Frobenius, one may still get the decomposition. We plan to 
come back to this point in a future work. 

4.2 Refined radii and tiie log-slopes of tiie radii 

In this subsection, we study the relation between the refined radii at the boundary radii of a 
differential module and the log-slopes of the intrinsic radii. We continue to assume that 

Theorem 4.2.1. Fix j € and let M be a dj -differential module over K{{a/t,t}Q of rank d. 
Assume that M Fj^ and M ^ E all have pure dj -radii and f'^\M,r) is affine of slope —a for 
r G [0, — loga). Moreover, we assume that Rq.{M ® E) = we** < litjl"^ (f if j = Oj. Then the 
M s-valuation of refined dj -radii of M ® E is exactly a. 

Proof. First, we assume that M^E has pure visible intrinsic 5j-radii IRdj {M®E) < uj. Moreover, 

by making a closer to 1~, we may assume that f^^\M,r) > —logu and is affine over [0, —loga). 

As in Theorem I4.1.9( we may assume identify M O TZ^ with 7^^^{T}/7^^<i{^}P for some 
twisted polynomial P = T'^ + aiT'^'^ + • • • + G n^'^{T}. Since M ®E has pure 9j-radii we'^, the 
Newton polygon of P with respect to 1-Gauss norm has pure slope s and Qq. {M ® E) consists of 

its reduced roots, i.e., the roots of P = + a[^^T'^~-^ + • • • + where af^^ G K^^\{t)). 

When rj is sufficiently close to 1~, the Newton polygon of P with respect to the r/-Gauss norm 
is determined by the Newton polygon of P in the following sense: it is the lower convex hull of the 
set {(— i, — log|aj|i — v(a-*'^-')logr/)}. By Lemma [4.1.81 this implies that the slopes of f\^\M,r) at 
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r = are exactly the valuations of roots of P, which in turn equal to the valuations of the 
refined 5j -radii. 

Now, it suffices to reduce to the case above, using (9j-Frobenius. Assume p > from now on. It 



Moreover, we denote s' = — log(w/ 
If IRqXM ®E)=u= p-i/{p-i), let Ml = Lpf'^M. Then by LemmadXIHd), we have 



is easier to work with intrinsic radii and refined intrinsic radii. So, we denote gi{M,r) = fy^'{M,r) + 



log|tij [ if J G J and gi{M, r) = f-''\M, r) — r if j = 0. Moreover, we denote s' = —log{u}IRQ.{V) ^] 



in'(M nU - / {^'^■(M,0) {d times), {{p - l)d times)} g[{M,Q) < 

\ {(^^(M,0) (pd times)} 5^(M, 0) > ' ^ ' 

ia'(M nU-/ {5K^^,0),0(p-l times)} 9^(M,0)<0 
|5i(Mi,Uj|-| |i^/(M,0) (p times)} ff^(M,0)>0 ' ^ " 

By Proposition 11.3.181 X@q,^{Mi (g) E'-^^'^) can be grouped into p-tuples (^, . . . , ^±|^) and 
lQd{M ® E) consists of {QP - 9)^/^ for each 9 in the group, where 9 G /t^aig. 

. When vo(e) < 0, v_iogp(^) = y^{9) for / = 0, ... ,p - 1, and ^{9^ - 9)^^) = yo{9); 

. when yo{9) > 0, v_iogp(^) = for / = 1, . . . ,p - 1, and vo((^p - 9)'/^) = ivo(0). 

Hence the statement for Mi with v_iogp implies that of M with vq. 

li IRq.{M ®E) > cj, by Lemma [1.2.18l fd) and Remark ll.2.19| M has a 9j-Frobenius antecedent 
Mq if a is sufficiently close to 1^. By Lemma ll.2.18f d) and Proposition I1.3.ISI we have 

gi{Mo,r)=pgiiM,r) for any i, and Ze^, (Mq ® S^^^^) = {(-9)^ /p\9 e lea^iM ® E)} , if j G J; 
gi{Mo,pr) = pgi{M,r) for any i, and I&o'^iMo (g) S^^^)) = {{-9)P/p\9 G XGa^(M (g) S)}, if j = 0. 

Since y (ps' -\ogp){{~(^y /p) = P^s'{S)^ the statement for Mq with Vp^/^iogp (|vps'-iogp if j = 0, since 
tP is the coordinate) implies that of M with Vs'(— logp). □ 

Corollary 4.2.2. Fix j G and let M he a dj -differential module over K{{a/t,i\Q. Assume that 
M ®E has pure dj-radii Rq.{M ® E) = coe^ < \uj\~^ (1 if j = 0). Then the following two multisets 
are the same: 

(a) the valuations of refined dj-radii ofM(S>E, i.e., |vs(0)|0 G Qq.{M ® E)^ , and 

(b) the negatives of slopes of f^^\M, r) at r = 0, for i = 1, . . . ,d. 

Proof. It follows from combining Theorems 14.1.91 and I4.2.1i □ 
Notation 4.2.3. The valuation Vg on extends to a valuation ^ ® ©jeJ'^B^lT^ setting 

t Ui Um jeJ+ 

Corollary 4.2.4. Let M be a dj+ -differential module over K{{a/t,tjQ. Assume that M ® E has 
pure intrinsic radii IR[M E) = cje^ < 1. Then the following two multisets are the same: 
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(a) the valuations of refined intrinsic radii of M(^E, i.e., [ms{0)\9 ^XQ{M ® E)^ , and 

(b) the negatives of slopes of fi{M, r) at r = 0, for i = 1, . . . ,d. 

Proof. It follows from Theorem 11.5.101 immediately. □ 

Similar to Theorem ll.3.26| we have the following decomposition by refined radii. 

Theorem 4.2.5. Fix j € J+ and let M be a dj -differential module of rank d over K{{a/t,tjQ. 
Assume that M ® for rj £ (a, 1) and M ® E all have pure dj -radii, and f[^\M,r) is affine of 
slope —a for r G [0, — loga). Let e be the prime-to-p part of the denominator of a. Moreover, we 
assume that Rq^{M ^ E) = Loe^ < \uj\~^ (1 if j = 0). Then there exists a finite tamely ramified 
extension K' of K and a unique decomposition 

M®i^'{{a^/7^l/^^l/lo= Me 

of dj -differential modules such that 

(a) Mq (8) F^ has pure refined dj -radii Ot"' for all r] G (a, 1), and 

(b) All refined dj -radii of Mg E is congruent to Ot"" modulo elements with Vs-valuation bigger 
than Vs{Ot"-) = a. 

Moreover, by Galois descent, we may obtain the decomposition over K{{q^^^ /t^^^ ,t^/^\Q by grouping 
Galois conjugates ofO's. By further grouping the He-orbits of 9, we can obtain the decomposition 
over K{{a/t, ijo- 



Proof. The proof is identical to that of Theorem 11.5.101 except that we use decomposition Theo- 
rem 14.1.91 in place of Theorem 11.5.41 □ 

Theorem 4.2.6. Let M be a dj+ -differential module of rank d over K{{a/t,t\Q. Assume that 
M ^ Ffj for T] € (a, 1) and M ® E all have pure intrinsic radii, and fi{M, r) is affine of slope —a 
for r G [0, — loga). Let e be the prime-to-p part of the denominator of a. Moreover, we assume that 
IR(M E) = we* < 1. Then there exists a finite tamely ramified extension K' of K and a unique 
decomposition 

M®K'{{a^lyt^'',t^/^Q= Mi) 

of dj+- differential modules such that 

(a) (8> Ffj has pure refined intrinsic radii -df^ for all r] £ (a, 1), and 

(b) All refined intrinsic radii of E is congruent to "df^ modulo elements with y^-valuation 
bigger than v^^-dt"') = a. 

Moreover, by Galois descent, we may obtain the decomposition over K{{a^^^ /t^^*^ ,t^^^]^o by grouping 
Galois conjugates of-d's. By further grouping the He-orbits of'd, we can obtain the decomposition 
over K{{a/t, tjo- 
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Proof. The proof is identical to that of Theorem 11.5.121 except that we use invoke Theorem 14.2.51 
in place of Theorem 11.5.41 □ 



Corollary 4.2.7. Let M be a dj+ -differential module of rank d over K{{a/t,t\Q. Assume that 
M E has pure intrinsic radii IR{M ® E) = we® < 1 and fi{M,r) is affine over [0, — loga) 
for all i = l,...,d. Then M = ©aeQ-^a the decomposition of M over A\^{a,l) such that 
fi{Ma,r) = ■ ■ ■ = fdimMa{^a,r) has slope —a. Then the following two multisets are the same. 

(a) The (multi)set consists of the union oflQ{Ma F^) C ©jGj+i"K^ligi"ir^ © ^'''^i^ligf /'^'^ 
a and for some r] G (a, 0) (this does not depend on the choice of rj); 

(b) The (multi)set consists of d for all d G Qd^(y), where ^ is '& e ©igj+i^^^ligi"^ © *"«^^ligf 
modulo elements with Vg-valuation bigger than (■(?). 

Proof. It follows from the decomposition Theorems 14.1.91 and 14.2.61 □ 
4.3 Variation over polyannuli 

Variation of refined intrinsic radii over polyannuli is simply a corollary of the 1-dimensional case. 
We focus on the interaction between the refined intrinsic radii and the slopes of intrinsic radii, as 
suggested by Corollary 14.2.41 

In this subsection, we keep the same hypothesis as in previous subsection, namely, we assume 
Hypothesis 11.5.11 and assume that K is discretely valued. 

Definition 4.3.1. A subset C C M" is called nondegenerate if it contains an open subset of M". 
Its interior is denoted by C""*. 

An integral affine functional on M" is a map A : M" ^ M of the form A(a;i, . . . = aixi + 
• • • + QnXn + b for some ai, . . . , a„ G Z and b G —\og\K^ p. 

A subset C C M" is rational polyhedral (or RP for short) if it is bounded and there exist integral 
affine functionals Ai, . . . , such that C = {x G M"'|Ai(x) > for i = 1, . . . , r}. 

For C C a RP subset of M", a function f : C M" is integral polyhedral if there exist 
finitely many integral affine functionals A'^^, . . . , A^ such that f{x) = max{A'^(x), . . . , A^(x)} for any 
X G C. 

Remark 4.3.2. Our definition here is different from the convention in [KXlOj . where RP subsets 
are not assumed to be bounded. However, some of the statements below are true for unbounded 
RP, but they are often simple corollaries of the statements with boundness hypothesis. We leave 
this as an exercise to the readers. 

Notation 4.3.3. Throughout this subsection, we put / = {1, . . . ,n} for notational simplicity. We 
may use a to denote the n-tuple (a, . . . , a). 

Definition 4.3.4. For a subset C C M", let e"*^ denote the subset {e"''^ : r/ G C} C (0, +00)"-. A 
subset S of [0, +00)" is log-RP if S = e"^ for some RP subset C of M"". It is nondegenerate if C is 
so. 

For S a log-RP subset of [0,+oo)", define Ak{S^^^) to be the subspace of the (Berkovich) 
analytic n-space with coordinates ti,. . . ,tn satisfying the condition . . . , \tn\) G S"™*; denote 
the its ring of functions by K{{S}}. We write i^l-SJo to denote the subring of K{{S}} consisting 
of functions that are bounded over G 5"™*. 



57 



Notation 4.3.5. Let 5 be a nondegenerate log-RP subset of [0, +00)" and let R denote either 
K{{S}} or KjS'Jo. Let M be a (5/uJ-)differential module over R of rank d, with respect to the 
derivations di,... ,dm and 5^+1 = d/dh,... , dm+n = d/dtn- For r?/ = (r?i, . . . , r?„) G 5 (S"°* if 
R = K{{S}}), let Frjj be the completion of Frac(i2) with respect to the r//-Gauss norm. We remark 
that for rjj on the boundary of S, Fy^j "looks different" (more like E than i^^ in the 1-dimensional 
case). 

For ri G -log(5) (-log(5'"*) if R = A'{{5}}), write fi{M,ri) = -logIR{M (g) F^-r,;!) and 
Fi{M, rj) = h{M, ri) + --- + fi{M, n) for Z = 1, . . . , d. 

Theorem 4.3.6. Keep the notation as above. We have the following. 

(a) (Polyhedrality) The functions dlFi{M,rj) for I = 1, . . . ,d — 1 and F(i{M,rj) are integral 
polyhedral functions. 

(b) (Decomposition) Suppose that for some I £ {!,..., d}, Fi{M,ri) is affine and fi{M,ri) > 
fi^i{M,rj) for any rj € — log(5). Then, M admits a unique direct sum decomposition sepa- 
rating the first I subsidiary intrinsic radii of M ® F^jj for any rjj. 

(c) (Refined radii) Assume that R = K{{S}} and that fi{M,rj) = ■ ■ ■ = f^(^M,rj) = — logw — 
s — oiri — • • • — a„r„ are affine functions over — log(S""*). Let Cj denote the prime-to-p part 
of the denominator of ai for all i £ I. Then there exists a finite tamely ramified extension K' 
of K and a multiset XQ{M) C (Bi^jn^^l^ ® 0jgjK^'*,^^ such that we have a decomposition 
of differential modules 

M<^RR[ty'\...,ti/'-]= M^, 

i?GXe{M) 

where F^u [t^^^ tl/^"] has pure refined intrinsic radii t'^''d. 

Proof. For (a) and (b), see [KXlOt Theorems 3.3.9 and 3.4.4, and Remark 3.4.7]. (c) follows from 
the same argument but using Theorem 11.5.121 as the decomposition tool. □ 

We state the boundary case about S'\5™* separately for a special case and leave it as an exercise 
of the readers to assemble to get the general case. 

Situation 4.3.7. Let C = {(x/) C M^jx/ > 0,xi + ■ ■ ■ + Xn < l} , S = e"^, and R = KlSjo. 
Assume moreover that /i(M, 0) = • • • /d(M, 0) = — logw — s with 5 < 0. We define the following 
two multisets. 

(q) (s)-\- (s) •x~^ 

(a) Choose x € m]^ \m]^ to identify — > Kp-^ and embed the latter into the higher local 
field Kxiiti)) ■ ■ ■ {(tn)), which is equipped with a multi- indexed valuation with respect to the 
parameters . . . , ti). This gives rise to a valuation : — > C Q", where the latter is 
equipped with the lexicographical order; this does not depend on the choice of x and it extends 
to a valuation on K^^lig and then to (BieiK^^lig^ ® ©jeJ^^liglT^ by taking the minimum of 

over the coefficients. We define the multiset A = |(v('!9), € XG(M(8)Fi)|, where is 
the reduction of tj^'^''^^ in Qi^j^^^f (^^^j^i^l^^. 
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(b) By Theorem I4.3.6r a). there exists a RP subset C of C that is adjacent to the cells ti = ■ ■ ■ = 
ti = for z = 1, . . . , n — 1, and so that fi{M, rj) is affine for all rj € C' and / = 1, . . . , d. 
Then, over e"*^'" , we have a decomposition of differential modules M = (BaieQ"Mai such 
that 

fi{Maj,rj) = ■■■ = f dim Mai{Maj,ri) = -logw - s - am a„r„. 

We define 

5 = {(ai,...,a„,i9)|a/ •••C^?G2:e(M®F^,)}, 
for any r]i G C"™'; this does not depend on the choice of r?/ by Theorem I4.3.6r c) . 

Choose integers ei, . . . , € N coprime to p such that ejOj € Z for all i and all (oi, . . . , a„, t?) G 
Denote i?' = i^[(7'lo[iJ^'S • • • 

Theorem 4.3.8. The two multisets A and B are the same (for any C that satisfies the condition 
in (h)). Moreover, there exists a finite tamely ramified extension K' /K and a unique decomposition 

M0R'0K' = ®(^aj,^)eB M(aj,i)) such that, if we write = F^-rj [tY^',. . . ,tl/^"] K' , 

(i) for all rj G C"™*, M(„^ ,5) (8> -^g-rj has pure intrinsic radii we"^''^'' t-^nfn+s ^^^^ pure refined 
intrinsic radii t°^'-d, and 

(ii) any element in XQ{M ® F[) is congruent to t^T} modulo elements with Vg-valuation strictly 
bigger than (ai , . . . , a„) . 

We may obtain the decomposition before tensoring with K' if we group the Galois conjugates of-d. 

Proof. We first prove that we have a decomposition that satisfies condition (i). For this, we may 
replace K hy a, finite tamely ramified extension so that all "d appears in B lies in (Biein^^^ © 
©jgjK^'*^i^ for appropriate s. Then the decomposition is expected to be defined for M © R'- The 
proof goes exactly the same as in [KXIO^ Theorem 3.4.4] by invoking Theorems 14.1.91 and 14.2.61 at 
appropriate places. 

Now, we check condition (ii) which is equivalent to identify the sets A and B for each Maj^-e- 
Note that we have already known that Maj^^ (8" -^e~'"-r pure intrinsic radii cje"^^^"'"" ""^"^'*. For 
notational convenience, we write M for Maj^^- We do the induction on the dimension n. When 
n = there is nothing to prove. We assume that the theorem is proved for n — 1. Let D denote 
the face ti = ofJJ. Let C = C n D, C' = C n D, S = e"^, and R = KlSjo with coordinates 
t2, ■ ■ ■ ,tn, where K is the completion of Frac(i^[[ti]]o) with respect to the 1-Gauss norm. 

By applying induction hypothesis to M = M R, the set A equals to 

A' = {(v,(^?'), «2, . . . , a„, tr^(''')i?0| («2, . . . , a„) € Q"-i, • • • C^?' e IQ{M © F^,)}, 

for any (r2, . . . ,r„) E C", where is the valuation on ©ie/'^^iigT^ ® ^ieJ'^^iiglT!^ as in Nota- 
tion gXl and t^^'^'^'h' is the reduction of t'^'^^^'h' in Qi^jn'-^l^^^ © ©jeJ^J^Lg^. 

It suffices to identify the multisets A' with B. When rj G Q" n C , this follows from applying 
CoroUarv 14. 2. 71 the line that is parallel to ti-axis and passes rj. In particular, this says that for any 

& above, t'^'^'^'U' is the same as 1!). When rj is not rational, the same statement follows from the 
"continuity" result in Theorem 14.3.6( c). □ 
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Remark 4.3.9. One can also describe the intrinsic radii of Maj^-d at the point (r/) € C with 
ri = • • • = = for some I G {1, . . . , d — 1}. However, this would make our notation even more 
complicated. We leave this as an exercise for interested readers. 

Next, we consider the situation for solvable differential modules. 

Definition 4.3.10. Let C = {(x/) C M"|x/ > 0, j;i + • • • + x„ = l}. For G (0,1), we denote 

S[a,p\ = {p'~'\P e [a,/3]} and R^^^p] = KlS[a,p\h- For " ^ (0, 1), we define Ra = ^i3<^{a,i)R[a,p\- 

Fix a G (0, 1). Let M be a differential module over R^. Assume that M is solvable, that is, for 

each xi G C, we have fi{M,p^') ^ as p — > 1^. 

By Theorem ll.6.21 for x/ G C, there exists 6i(M, x/), . . . , bd{M, xj) such that fi{M, — x/logp) = 

ph{M,xi) ^^^^ p ^ 1', ioT I = l,...,d. Write Bi{M,xi) = bi{M,xj) + ■ ■ ■ + bi{M,xi) for / = 

Proposition 4.3.11. Keep the notation as above. Then the functions d\Bi{M, xj) and Bd{M,xj) 
are integral polyhedral functions. 

Proof. For (a), see [KedlH Theorem 3.3.3]. It also follows from Theorem 14 . 3 . 6 f a) . □ 

Construction 4.3.12. Keep the notation as above. 

Let X = (0, . . . , 1) G C. Let ^ be the completion of the fraction field of • • • ((t„_i)); 

it is a higher dimensional local field. We have a natural embedding Ra ^n}} = ^rji if 

r] G (a, 1). This is exactly saying that we restrict ourself to the line (0, . . . , 0, p) for p G (rj, 1). We 
assume that M ^ has pure-log break b. 

Recall that, as in Situation 14.3.71 we have a valuation v : ®ie/K;jaig^ © ©jgjKg^aig^ Q". 

Proposition 4.3.13. Keep the notation as above. The following two multisets of n — 1 tuples are 
the same. 

(a) The valuations v of elements in ^IQ{M ® ^^j), where it is a Dwork pi. 

(b) The slopes of bi{M,xj) for I = 1, . . . ,d on a RP subset of C that is adjacent to the cells 
[ti = ■ ■ ■ = ti = 0, tj+i H 1- tn = l} for all i = 1, . . . ,n. 

Proof. It follows from Theorem 14. 3. 8[ □ 

Remark 4.3.14. One may interpret the above proposition geometrically, as in [Kedllj . We leave 
that as an exercise for the readers to complete and we will come back to this in a future work. 
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